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ABSTRACT 

We find a new construction of the evolution operator G(t, s) associated to a 
family {A(t), 0 < t < T} of generators of analytic semigroups in a Banach 
space X. We study the dependence of G(t, s) on t and s, and we give regularity 
results for the solution of the i.v.p, u'(t) = A (t)u(t) + f~t), u(O) = x. 

O. Introduction 

The purpose of this paper is a new construction of  a parabolic evolution 

operator G(t, s) in general Banach space X, satisfying 

I Gt(t, s) = A(t)G(t ,  s), t > s, 

(0.1) (G(s,  s) = I. 

Here the linear operators A (t) : D(A (t)) c X--* Xgenerate analytic semigroups 

e ~t)  in X and have constant domain D(A(t ) )= D; the function t---,A(t) is 
assumed to be a-HOlder continuous with values in L(D,  X). D is not necessar- 
ily dense in X; this is the unique difference between our hypotheses and the 
classical Sobolevskii-Tanabe ones (see [S 1 ], [T]). 

The technique used to construct G(t, s) is very similar to the one employed 

in [DPS], [LS]: that is, we consider A(t)  as a perturbation of  A(s) and we use 

new maximal regularity results for the time-independent case. More precisely, 

for any x ~ X we set 

(0.2) G(t, s)x  = e<'-s~U)x + W(t, s)x 
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where w = W(. ,  s)x is the solution of 

(0.3) 
w'(t) = A ( s ) w ( t )  + [A(t) - A ( s ) ] ( w ( t )  + e"-')A(')X), t > S, 

W(S) = O. 

For general x ~ X, the function t ---- [A(t) - A(s)]e"-Su(~)x is a-Hrlder  conti- 

nuous in [s + ~t, s + ~2] for 0 < Ol < ~2, and it has a singularity like (t - s) "- 

for t near s. Therefore, to find a solution of(0.3), we have to work in a space Y 

of  X-valued functions having a singularity at t = s, but being sufficiently 

regular for t > s. We need also that Y has the so-called maximal regularity 

property, i.e. for any q~E Y, the solution of  

(0.4) 
v'(t) = A ( s ) v ( t )  + ~(t) ,  t > s 

v(s)  = O, 

is such that both v' and A (s)v(.) belong to Y. Then a solution of (0.3) may be 

obtained by the usual fixed point procedure: that is, for any w ~ Y such that 

A(s)w(. )~ Y we set Fw = v, where v is the solution of  (0.4) with 

~(t) = [A(t) -A(s ) ] (w( t )  + e(t-~)AtS)X), 

and we prove that F has a fixed point w. Then we may define G(t, s)x for any 

x ~ X by (0.2). 
In the above-mentioned papers [DPS] and [LS], the choice Y = C°([s,s + 8];X) 

(with 0 < 0 < a) lets one define G(t, s)x only for very regular x, i.e. for any x 

such that t ~ [A(t) - A(s)]e~'-~(S)x is 0-Hrlder continuous up to t = s. 

Our space Y is described in Section 1; it was introduced in [AT3] for 

studying the regularity properties of  the solutions of  u'(t) = A(t)u(t) + f(t), 
when the operators A(t) have not (necessarily) constant domains. The maxi- 

mal regularity property in a similar space was also stated in [$2]. 

Using (0.2), we may easily obtain estimates on G(t, s) and A(t)G(t, s) in 

several norms, using the well-known estimates on e (t-s~(~) and the new ones on 

W(t, s). These estimates let us prove many regularity results for the (strong, 

classical or strict) solution of  the initial value problem 

(0.5) 
u ' ( t ) = A ( t ) u ( t ) + f ( t ) ,  0 < t  < T 

u ( 0 )  = x ,  
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which coincide with the ones of [AT1], [AT2], obtained with completely 

different methods. 
The relatively simple construction of G(t, s) will let us study the asymptotic 

behavior of G(t, s) as t --- + oo in the periodic case A(t) = A(t + T) and in the 
case limt-+ oo A (t) = A. This will be the object of a subsequent paper ([L]). 

1. Notations and preliminary results 

Let X be a real or complex Banach space with norm II • II and let a ~  
]0, 1 [, ]? E [0, 1 [, a, b E R, a < b. We shall consider the usual spaces of  func- 
tions: L~(a, b; X), Lt(a, b; X), C([a, b]; X), C(]a, b]; X), Ct([a, b]; X), 

C~(]a, b]; V), C~([a, hi; X), C~+*([a, hi; X), B([a, b]; X) = {f :  [a, b]---X, 
SUPa~t-<6 l] f(t)  II < + co). Moreover we set: 

= { f :  ]a, b] ~ X ;  f~C~([a + e, b]; X) Ve E]0, b - a[, Iflp - zp,~(a, b; X) 

(1.1) 
"1 

sup (t - a ) P  II f(t)II < + ~ ,  [ f k = -  sup ~,a+li[jqC~([a+el2,a+e].,X)< "3LO0~ 
a<t<.b  0 < e < b - a  J 

where 
[f]c*(la+,/2,a+el;X) ":- sup (t - s)-* II f(s) - f( t)  II" 

a+el2"<s<t<a+~ 

It is not difficult to see that Zp.~(a, b; X) is a Banach space with the norm 

(1.2) II f IIz,.~a,~;x~-- Iflp + [f]p,~ 

and that there exists N~(b - a, fl, a) > 0 such that 

II f [I c-(ta +,,hi;x) < Nt(b - a, fl, a)e -(~+P) [1 f l[ z,,(a,b,x) 

(1.3) Vf~ZB,~(a,b;X) ,  VeE]0 ,  b - a[. 

Let A : D(A ) C X ~ X be a linear operator such that t 

there are oJ E R, 0 ~ ]zr/2, n], M > 0 such that the resolvent set 

(1.4) J of A contains the sector S -- {X EC; 2 ÷ to, I arg(2 - ~o)l < 0} and 

[ I I  (4 - co)(2 - a ) - I  II ,vo ~ M for each 2 ~ S. 

Then A generates an analytic semigroup e ta in X (see [Sin] for analytic 
semigroups in the case of non-dense domain), and for any T > 0 there are 
M0, M~, M2 > 0 (depending on 09, 0, M) such that: 

t If X is a real Banach space, condition (1.4) is assumed to hold for the eomplexification ofA. 
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(1.5) Iltk.4~e~'xll--<Mkllxll V x ~ X ,  t ~ [ 0 ,  T]. 

For 0 < 0 < 1 we denote by DA(O, oc), DA(0), DA(O + 1, oc) the interpolation 
spaces defined by (see [BB], [Tr, th.1.14.5]): 

"DA(O, oC)={x~X;[x]o= sup IIt'-OAe"xll < + oo}; 
0 < t < l  

II x II oA(,,~)-- II x II + [x]o; 

(1.6) DA(0) = {XEDA(O, ~c);limt'-°Ae~x=O} 

II x II ~ , ( o )  = II x II ~0,~,; 

DA(O + 1, ~) = {x~D(A);AxeDA(O, o~)}; 

II x II o~0 +,,~) = II x II + II ax II o~e,~). 

Then DA (0) is the closure of D(A) in the norm of DA (0, ~), for every/9 E ]0, 1 [. 
To simplify some notations in the sequel we set DA(O, ~) -- X, DA(1,oO) -- D. 

The following interpolation lemma will be used in Section 2. 

LEMMA 1.1. Let A:D(A)--*X satisfy (1.4) and let a < b ,  0 < a ,  0 < 1 ,  
a ÷ O. The for any u EC~([a; b]; D(A)) tq Ct+~([a, b]; X) (D(A) is endowed 
with the graph norm), we have: 

u'~B([a, b];D,~(a, ~)), u~C*+l-°([a, b];Da(O, oo)) 
and 
(1.7) sup II u'(t)IIo~o,~)_-<lV~tb - a , a ) (  II u I I~t° ,~ l~ . ) )+  II u '  IIc'(t~.~i;x)), 

a~t~_b 

(1.8) II u II~-.,-o([°,b}~,z0,~, _--< g3(b - -  a, a)( II u II ~'(t~,bj~,o))+ II u' II ~'(t,.b],~, 
where 

N2(b - a, a) = max{ 1 + 2*(b - a) -aM,, M0 + MI}, 

N3(b - a, a) = max{N2(b - a, a) + Mo + 3, 3N2(b - a, a) + Mo + M~} 

and Mo, M~ are given by (1.5) with T = 1. Moreover (1.8) holds also for a = O. 

PROOF. Let us show (1.7): for any tE[a, b] we have 

sup II ~'-~AeC4u'(t) II 
0<~_<! 

--Maxt sup II ~'-*AeCau'( t) ll , sup II ~'-~Ae~u'( t) ll ~. 
t 0 < ~ < ( b - a ) / 2  (b -ay2<~ ~. 1 
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If  0 < ~ < (b - a)/2 let h be such that  t + h ~ [a, b] and  I h [ = ~. Then:  

II ~'-aAe¢'u'(t) II --< II ~'-°Ae~'[u'(t) - h - l ( u ( t  + h) - u(t))] II 

+ I[ ~-aAeC~h-I(u(  t + h) - u(t))11 

L' < ~ - " A e  ca (u'(t) - u'(t + eh))da 

+ l] ?,l-*AeCAh-l(u( t + h) - u(t))II 

< t 
= Ml[u ]c'(ta,Ol;X) + Mo[Au]c'(ta,Ol;X). 

If  (b - a) /2 < ~ < 1 we have simply 

II ~ - " A e % ' ( t ) [ I  < ~-"M~ II u'(t)II --< 2"( b - a ) - " M i  sup II u'( t)II .  
a<t<b 

Now (1.7) follows easily. 
Let us show (1.8) for 0 _-< a < 0. I f a  = 0, for t, t + h ~ [a, b], I h I --< 1 we have 

Ih t °-~ sup l] ~'-°Ae~A(u( t + h ) -  u(t)) II 
0<~<1 

_-< Ih 18-1 sup II ~I-°AeCA(U( t + h ) -  u(t))l[ 
0<~<lht  

+ Ih 1 °-1 sup II ~ - ° A e O ( u (  t + h ) -  u(t))II 
Ih l<~<l  

_-< 2Mo sup II au(t)  II + MI sup U u'(t) II. 
a<t<b a<t<b 

Analogously,  if  0 < a < 0 and  t, t + h E [a, b], I h [ -_< 1, we have: 

Ih I -(~+l-°) sup II ~I-OAeCA(U( t + h) - u(t)) II 
0<~<1 

< Ih I -~°+~-°) I sup II ~l - °Ae~(u (  t + h) - u(t))II 
LO<~<lhl 

+ sup II ~ - ° A e ~ ( u (  t + h )  - u(t))II [ 
Ihl<~_<l d 

< l h l - ¢ " + ~ - a ) [  sup ~-°Molhla[au]c.¢ta,bl,x)+ sup ~=-°lhl  
LO<g<lhl [hi <~<1 

sup II u'(s)II,,~¢o,~[ 
a<s<b J 

<---- Mo[AU]c.(ia,bl;X) + N2(b - a ,  a)( II u II C*([a,b];D(A)) + II u '  II ~'~t,,bv~). 
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Now (1.8) follows easily, recalling that 

II u IIc.¢t.,o+;x, = < _ max { II u IIc'<t.,o+;x>, 3 sup II u(t)II } 
a<t<b 

and 
sup II ~l-"Ae~u(t) II =< Mo sup II Au(t)II. 

a < < O<(.<l,a<t<b =t_b 

Let now 0 < a: we have to show that u' belongs to C*-°([a, b]; DA(O, ~)). For 
t, t + h ~ [a, bl, [h [ -5_ 1 we have: 

[h I -<~-°) sup [[ ~t-°AeO(u'(t + h ) -  u(t))[[ 
0<~_<1 

< Ih I -<"-°) [ sup [I ~t-SAeU(u'( t + h) - u'(t)) l[ 
k0<~< Ih L 

+ sup II ¢~-°Ae~(u'( t + h) - u'(t)) II ] 
Ihl<~-<l .1 

_-< I h I -C°-°~. 

e-Ollu.<t 
0<~<lhl  Ih l<~<l  

<- 2gz(b - a, o,)( II u II c't(a,b],o(A)) + II u'  II C'~[a,bJ,X)) + Ml[U']c'(ta,OI;x) 

and (1.8) follows, recalling that 

Ilullc,(t.,bl;o.(o,~)>= sup [lu(t)lloao,~>+ sup Ilu'(t) llo~.,~). [] 
a~t<b a.,:t<~b 

In the following we shall use also some interpolation properties of the spaces 
DA(P, ~):  namely, i f a  linear operator B belongs to L(X) 0 L(D(A)) then B 
belongs to L(DA(p, ~))  for any/~ E]O, 1[, and 

(1.9) U B II ~(o.~#.~>--< N,(/~)( IIB Ilz<x>)l-#( U B II~<o,))) p. 

Analogously, if B belongs to L(X, DA(~, oo)) N LiD(A), DA(fl, oo)) for some 
p ~ [ 0 ,  II then B belongs to L(DA(O, oo), DA(P, ~))  for any 0~]0 ,  1[, and 

(1.10) II B IlL~o.~0,®>,oa#,®>><N,(0,/~)( II B t-a o 

Finally, if B belongs to L(X)NL(X ,D(A) )  then B belongs also to 
L(X, DA(#, oo)) for each # ~]0,  1[, and 
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(1.11) II B IIL¢~,0~¢#,~, ~ N~(#)( II B II ~¢~))'-P( II B I1,¢~,~¢~,) #. 

Let now f :  [a, b]---X and let x ~X.  Consider the initial value problem: 

(1.12) 
u'(t) = Au(t) + f(t), 

u(a) x. 

a < t < b ,  

It is well known that, under suitable assumptions onfand x, it is possible to 
prove existence and uniqueness of a solution of (1.12), and also to give 
maximal regularity results (that is, to show that both u' and Au( . )  have the 
same regularity off). Here we shall consider a new maximal regularity result, 
which has been stated in [AT3] for a non-autonomous equation 
( u ' = A ( t ) u ( t ) + f ( t ) ,  u(0)---x). We give here a simple direct proof in the 
time-independent case. 

THEOREM 1.2. Let A satisfy (1.4) and let f E Z # , , ( a , b ; X )  with 0<f l ,  
a < 1, x 6D~(1 - f l ,  oo). Then the function 

:a  t )af( u(t) = ett-~)Ax + e tt-~ s)ds, a < t < b 

is the unique solution of  (1.12), belongs to C~-#([a, hi; X) N B([a, b]; 
DA(1 --fl, ~))  and it is such that u', Au( . )  belong to Z#,~(a, b; X). There is 

N7 = NT(b - a, fl, a, to, O, M) > 0 such that 

[I u II~'-'~°,~;~ + sup II u(t)  I1.~,-#,~ + II u' II~,.~,~:o + II ~ u  II~.~o,~.~ 
a<t<b  

(1.13)< N7( U x Ilo~.-#,~)+ II fl[z,,t~.b'.x)). 

I f  in addition 2o = sup{Re 2; 2 Co'(A)} < 0, then N7 can be chosen not depend- 

ing on b - a. 

PROOf. Let Mo, M~, M2 be given by (1.5) with T = b - a, and for0 < 0 < 1 
let M,(0) (i = 3, 4, 5, 6) be such that 

(1.14) [ 

I I ~ l - ~ e ~ l l L ¢ ~ , ~ > , ~ ( 0 ) ;  II~Z-~Ze~llL~o~¢o,~),x)~(o), 
O ~ b - a ;  

O ~ b - a .  
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For  a =< t =< r _-< b we have 

(1.15) U u(t)II  =< n o  II x II + 1M°B( t - a)  ' -p  tfl~; 

and  

II u ( t ) -  u ( r )  II 

2" 2 < Ae~Axda + (e~,-s) a _ e<,-,)a)f(s)ds 
- a  2 M~,__?, + ett- ' )af(s)  ds < II x IIo..-p,=>(t - r) ' -p  

M~ ~ do Mo [flp(t  _ r ) ,_  p 
+ 1 - f l d o  (1 - a)~-Ptr p Iflp(t - r) ~-p + 1 - f l  

so that  u belongs to C ~-p([a, b]; X). For  a _-< t _-< b we have 

f01 do  U u(t)IIo.._p.=) < M,(1 - # ) I I  x II~.<,-p,=) + M d l  - # )  (1 --'~l-PaPlflP 
so that  u is b o u n d e d  with values in Da(l  - f l , oo ) .  

Using (1.5) it is easy to see that  u ( t ) E  D(A ) and  that  u is differentiable with 
values in X for t > a.  Moreover ,  for a =< t < b we have: 

(t - a)P Jl A u ( t )  I[ 

M3( 1 - f l )  II x II~,..-p,~)+ (t - a)  p f ta+,u2 

f + (t - a)P .+,~2 A e ( t - ' ~ ( f ( s )  - f ( t ) )ds  

+ (t - a)P(e ~'-")a - 1)f(t) it 

f;+'~r('-oY+ ,] ~ ,  ~,, < M 3 ( I  - - f l ) I I x  [IoZt-a,®) + Mt L\s - a /  - 

f¢, ds + M~ a+,V2 (t - a)"( t  - s) ~-" [f]p" + (Mo + 1)Iflp 

Ae  <'-')a(f(s) - f ( t ) )ds  

[(;o,,2 d~ ~M~(l -/~)IIx II.~.-p.~>+ Mt (1 + a ) a  ~ 

2" 
+ - -  MI[ lip... 

ot 

+ log 2) + ~o+ 1] ,I,~ 
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Moreover, for a < a + e/2 _-< r < t < a + e < b we have 

: + #  II A u ( t )  - A u ( r )  [[ 

~r 
t - - a  

< e.+# A2e~Axdo 

:+# f~a+,~2 (ae<'-'" - Ae<'-'~)(f(s) - f(r))ds + 

+ e*+# f <~+,)/2 (Ae(t-'~ - Aet'-s~)(f(s) - f(r))ds [ 

+ e a+p A : 'e t t - s )~( f (r ) - f ( t ) )ds  

+ e "+p ; 'Ae t ' - s~( f ( s )  - f(t))ds 

+ :+#  II ( e('-°)A - 1)(f(r) - f(t)) II 

+:+# :r'-: Ae'Af(t)da 

< 2"+'M,(l - #) ; ' 5  ~ .  ll x llo~,-#,~, 

+ 22"+'M2 ~"+'~2~[(r-----~a/' + 1 ;_, a T :  dslfJ# 
LL\S -- a~ 

f r t-t-sda 
q- M 2 • 2 *+p (r -- s)" J , -s  --~ dstf]#,~, 

a + r) /2  

+ M, (t - s ) ' -"  [f]#'° 

r - °  da + 2 ( M o +  l ) [ f l p , . ( t - r ) " + 2 ° + P M ~  -o a ,_  o Ifl# 

< M~(1 - # ) I I  x I1~o-#,~, 

r2~*#. /fo"2 da ) 2~+p ] + [  a M2~ ( l - - a ) a  p+lOg2 + a M, Ifl# 

[ yo ] }  + 2~+PM2 , ' -~(1  + r) ~- ~ a  + 2(Mo + 1) [f]a,~ (t - r)" 
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so that A u ( . )  belongs to Zp~,(a, b; X) and (1.13) holds. N7 depends on b - a  
through the constants Mi (i -- 0, l . . . .  , 6 )  and the term 

1M--_°fl ( b - a ) ' - # 

which comes from estimating the sup norm ofu  (see (1.15)). If2o < 0, the M : s  
can be chosen independent on b - a.  In particular, Mo can be chosen such that 

IIeU II .x> <= Moe a°m V t > O. 

Therefore estimate (1.15) may be replaced by 

II u(t) II --< g o  II x II + go[l /(1 - /~ )  + 2/I ~ol]lfl# 

so that N7 is independent on b - a. [] 

Let now D be a continuously embedded subspace of X and to < ft. We shall 
consider a family of linear operators A ( t )  : D ~ X (to < t <-_ fi) such that: 

for each t E [to, fi], A (t) : D -~ X satisfies (1.4); 

(1.16) [ the graph norm of A (t) is equivalent to the norm of D, 

(1.17) the function t - * A ( t )  belongs to C*([to, fi]; L ( D ,  X)) .  

In the sequel we shall often write for brevity: 

(1.18) IIA II®-- sup IIA(t) llL<~,,x>, [AI.=[Alc'([,~,,];Lw.x)). 

Assumptions (I. 16) and (l. 17) imply easily that 

I there are c~ E R, 0 ~ ]~/2, n], M > 0 such that, for any t E [to, fi], 

(I. 19) [A (t) satisfies (1.4) with constants ~o -- o), 0 - 0, M -- j~r. 

In its turn, (I. 19) implies that D,~(/)(p, oo) = D~(Io)(P, oo) for any/~ E ]0, 1 [, and 

there are v > I, v(/~) > l such that 

' I 

(i) v-" ~ II x I1o,,,,~#,~) = <_ II x I1~,,,~#,®>_- < v(p)II x IIo,,,~#,~>, 

(1.20) 0 < , 8 < 1 ,  xED,~(t,)(#, oo), to < t < fi; 

(ii) 1 II x I1~ ---< II x II + II A(t)x II --< v II x ilo, x ~ D ,  to_5 t < ft. 
IJ 
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It can also been shown that the following estimates hold for 0 < < _~ S __ tl -- to, 
t o < r < t  <t~: 

(i) II sk(a(t)) kea(° UL(x) ffi< gk ,  k ffi 0, 1, 2; 

(ii) II s m~(°'p-%~<" IIL~,,,,,¢0,~>,o.,,#p,®~----<- g3(o, •), 
k =  1,2; 0 < 0 , , 8 - <  1; 

(iii) II s k +p - °( h (t)) k e " '  II L~o,,,¢ ~o,®~,o.,,#p,®~) ----< g , ( 0 ,  P) ,  

(1.21) k--1,2; 0~0, p-< 1; 
(iv) II s m a x { ° ' P - e ) ( e s a ( t )  - -  , ,sa(,)~ I! ! II L(DAoo(O,oo),DAooI(~,oo)) 

-< Ms(O,p)( t -r )* ,  O<ffiO, p <ffi 1; 

(v) II sk +p- °(( A (t))ke"(t) - (A (r))ke ul(O) II, (o,~.~,®~,o,,,¢ (p,®~ 
<- M~( O , fl )( t - r ) ~, 0ffi<0,,6_-<1, k f f i l ,  2. 

See [Sin] for the proof of (i), (ii), (iii) and [AT2] for the proof of (iv), (v). 
Let f E  C([to, fl]; X) and x E X. We shall study the problem 

Ju'(t) -- A(t)u(t) + f(t), to < t <ffi fl, 
(1.22) 

Lu(to) x .  

A function u E C([to, tl]; X) is said to be a strict (resp. classical) solution of  
(1.22) i fu  belongs also to C([to, ill; D) N C~([t0, td; X) (resp. to C(]to, t~]; D) A • 
C~(]to, fl]; X)) and satisfies (1.22). u is said to be a strong solution of (1.22) if 
U(to) ffi x and there are u,~C([to, fl]; D) N C~([to, fl]; X), n EN,  such that 

lira u, • u  and lim u ' - A ( . ) u , ( . ) f f i f  in C([to, fl];X). 
? l ~ 0 O  11~00  

The same definition of classical solution may be given when f E  C(]to, fl]; X). 
It is easy to see that a necessary condition for the existence of a strict solution 

of  (1.22) is x ED,  A(to)X + f ( to)~B and a necessary condition for the exis- 
tence of a classical or strong solution of (1.22) is x E D. 

It will be seen later that, when f i s  continuous in [to, t~], then any classical 
solution is a strong one. Also, the uniqueness of the strong solution of (1.22) 
will be shown. By now we limit ourselves to state a uniqueness lemma which 
will be used in the sequel. 

LEMMA 1.3. Let u be a classical solution o f  

u ' ( t ) f  A(t)u(t), to<t  <--fl 

U(to) = 0 
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and  assume that 
{ u } #  = s u p  (t  - t ' :  II u(t)11o < + oo for  some p e. ]O, 1[. 

to<[<t~tt 

Then u(t)  = 0 V t ~_ [to, tt]. 

PROOF. Assume by contradict ion that [ =  sup{ t >= to, u(s)ff iO 

to < s < t } < tt. Then since 

cl e( t _,)A(t)u(s ) = e( t_,)a(t)(A (s) - A (t))u(s) for t- < s < t, 
ds 

we have: 

£ A( t )u ( t )  = A(t)e( ' - i~(°u(i)  + . A(t)e( ' - '~(°(A(s)  - A(t))u(s)ds ,  i <  t ~ t~, 

so that  

(t  - [)# II A(t)u(t)II ~ , ds 
< Ml[h].( t  -- i)# 

(t - s)'-*(s - :)# {u}# 
i da 

= M , [ A L  : o  ( l _ " ~ _ . v { u } , ( t - [ )  % 

for 

and 

(t - E) p II u(t) II --< Mo[a L(t - ?)# f t  (t -- s)__:* 
J ,  (s - t-) pas{u}p 

L' 
-- Mo[A ]a (I -- a)"o-#de{u}#(t - i) l+° 

Therefore u vanishes in [/, (t- + J) ̂  t~], where 

(( L ,))'" 6 ---- v M,  tA]. (1 - a ) ' - ' @  + mo[Ak (1 -- o) 'a-Pdo( t l  -- to 

This contradicts the definition o f  t-. Hence  t-= t~. r'l 

2. The evolution operator G(t, s) 

Through this section (1.16) and (1.17) will be assumed, and estimates (1.20), 
(1.21) will be used. We begin recalling a result which has been proved  in [LS]. 

PROPOSITION 2.1. Let  to < s < t~ and let OG C°([s, t,]; X), y E D ,  A (s)y + 

¢(s)EDA(o)(O, oo), with 0 < 0 < or. Then problem 

l u'(t) = A( t )u ( t )  + @(t), s < t < t~ 

( 2 . 1 )  tu(s)  = y 
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has a unique strict solution u ~C°([s, h]; D) f) C~+°([s, td; X), and there is 

Ns(0) (depending also t, - to, v, a, II AII c-~t~,,I;~<o.x~, M, (i = 0, 1, 2)) such that 

II u II ect,.,,j..o~ + II u' II e~t~.,,l.~ 
(2.2) 

<= N~(O)( II ¢ II ec.,,,~> + II y II o + II h(s)y + ¢(s) II o.,./~,®)). [] 

With the aid of  Proposition 2.1 (taking ~ = 0) we could define G(t, s)y only 
for very regular y (i.e., for y EDA¢~)(O + 1, oo)). To extend G(t, s) over the 
whole space X, let us consider problem u ' ( t ) = A ( t ) u ( t ) + f i t )  (s < t  < fi), 
u(s) = x: if  u is a classical solution, then the function w(t) = u(t) - e<t-'~¢')x 

satisfies 

I w'(t) = A(t)w(t) + (A(t) - a(s))ett-:s)at')x + f(t), s < t ~ h, 

(2.3) [w(s) - 0. 

Now we study problem (2.3) using the maximal regularity result of 

Theorem 1.2. 

PROPOSITION 2.2. Let x EDA~to~(r/, oo) (0 _--< r / <  1 - a), and let f E  
Zp,a(s, h; X), with p = 1 - o~ - ft. Then problem (2.3) has a classical solution 
w ~ C - a ( [ s ,  t,]; X) n B([s, td; DA<~o)(ot + r/, oo)) n Zp.a(s, h; D), such that w' 
belongs to Zp,~(s, h; X). There is Ng(r/) (depending also on h - to, II AII : ,  ~r, 
0, co, v, a), such that: 

II w IIc'-,~.,, .x)+ sup II w(t)I1~.,,.~°+,,~) + II w IIz,..,,,~) + II w' IIz,.~..,,~o 
s ~ t ~ t z  

(2.4) < Ng(t/) ( II X II o~.,0~,.~) + II f II z,.~.,.;x)). 
Moreover w is the unique solution of(2.3) in the class o f  all v E C(]s, fi]; D) such 

that II (t - s)Pv(t)  11o is bounded. 

PROOF. First we solve (2.3) in an interval [s, s + 6] (with ~ small) by means 
of  a fixed point theorem in the space Zp,,(s, s + t5; D). For any t~E]0, tm - s [  
and v E Z a , , ( s , s + 6 ; D )  the function t - - . (A( t ) -A(s ) )v ( t )  belongs to 
Z#,~(s, s + t5; X). Actually, for s < s + e/2 < r < t < s + e _-< t, we have: 

(i) (t - s )  p II (A( t ) -A(s) )v( t ) I I  --< [AL,~Iv I#, 
| ( i i )  e *+p It (A(t) - A ( s ) ) v ( t ) -  (A(r) - A(s))v(r) II 

/ [l(A(t)-A(r))v(r) l l  +~'+# II(A(t)~ A(s))(v( t ) -v(r))H 

[ =< 2P[A],(t - r)at~ Ivfa +[ALO [v]#,,(t - r )  . 
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Also the function t ~ (A (t) - A (s))e <'-`~<`~x belongs to Z ~ ( s ,  s + 6; X) for any 
x ~Da0,)(13, o~) and we have, for s < s + e/2 _-< r ~ t _-< s + e =< t :  

(2.6) 

(i) (t - s) p II (A(t) - A(s))e~' - '~ ' )x  II ~ g3(rt ,  1)[Ak II x IIo~,,.~.,®>, 

(ii) e *+# II (ACt) - h(s) )e  ~ '- '~ ' )x  - (A(r) - A(s))e~'- '~ ' )x  II 

--< : + #  II CA(t) -aCr))e~'- '~'")x II 

+ : + #  II (A(r) - a ( s ) ) C d  ' - ~ ' >  - d . - . ~ ' ) x  II 

< 2 ' - "Ms(q ,  l)[A].(t  - r y  II x IIo.,,~,,®) 

+ a-t2t-"M4C~/,  l ) [A] . ( t  - r)* II x II o.,~,,®~. 

Finding a solution of  (2.3) in the space Z#,a(s, s + 6; D) is equivalent to 
finding a fixed point of  the operator F : ZB~,(s, s + 6, D) ~ Zp,a(s, s + 6; D), 
Fv -- u, where u is the solution of  

u'(t)  = A ( s ) u ( t )  + [A(t)  - A(s)]v(t) + [ACt) - ACs)]e°-"¢'~x + f( t ) ,  

s < t < = s + ~ ,  
u ( s )  = O. 

By (2.5), (1.13), and (1.20) (ii) we have 

II r" II, t~,a.: +6~>~ -<- vNv(t~ - to, 13, a, cO, O, Air)(2# + 1)[A l,~ ~, 

so that F is a contraction with constant ½ if 

~ (2vNv(tl -- to,13, a, cO, O, M)(2 # + I)[A],) -~/*. 

In this ease F has a unique fixed point v, which belongs also to 
C ~-#([s, s + 6]; X)  A B([s, s + 6]; DAt,~(I -- fl, oo)) by Theorem 1.2. Thanks 

to (2.6), C1.13) and C1.20), we have 

(2.7) 

II v llc'-'ct,.,+,1:o+ sup II v(t)II~,-#,~>+ II v' llz,.~,~+~;x) 

+ II A(s)v ll~,,~,~+6,x) 

< 2NT(t~ - to, P, a, cO, 0, M')[(3M3(r/, 1) 

+ 21-na-IM4(r],  1)[A]~) U x IloA~,d~,~o) + U fUz,.~.,+~;x)] 

- N,o II x IIo.,,~.,®)+ N,, II f II z.~.~ +wo. 

I f  s + 6 -- t~ the proof is finished. Otherwise, set sl = s + 6, y = w(s + ~), 
¢ ( t ) = ( A ( t ) - A ( s ) ) e ( ' - ' ~ ( ' ) x  + f ( t ) .  Then y belongs to D, and A(s~)y + 
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¢(sl) = v'(sO belongs to DAmon(a, oo) thanks to I.emma 1.1 (since v belongs to 
C*([s + e, s~]; D) O Ct+*([s + e, st]; X) for any e El0,  s~ - sD. Using (2.7), 
(1.3) and (1.7) with a = s + ~/2, b -- s + ~ = st we get 

U h ( s O y  + ~ s t )  IIo, o,c.,~ ~ 2N2(t, - to, ~)N,(tt - to, ~, ~)) 

X ~-l(Nl0 II x II II X IIo,,,~(rl,oo) + Nit U f IIz,,x~,,;x))" 

Moreover ~ belongs to C*([Sl, tz]; X), and by (2.6) and (1.3) we get 

II ¢ II ~'~t,,,,,vo 

< Nt(tl -- to, fl, a)J - '[3M3(r/, 1 ) + 2 t - "a - 'M4(~/, 1))[A ]~] II x II o,,,~,.®~ 

+ II f IIz,~,.,,m. 

By Proposition 2.1, problem (2.1) has a unique strict solution 

and 

u E C'([sz,  tt]; D )  n C l +*([sl, tt]; X) ,  

II u II c'~t,,,,,l~,) + II u' II c<t,,,,,l;,o 

< Ns(a)( II 0 II c~t,,,,,l~o + II Y II ~ + II A (s,)y + ¢~st) II o+,,~o,~) 
< Ns[ 1 + 2N2N~- t + NtI(2JNT)] 

× (N,o II x II II x IID.,,,~+,+> +Nt t  II fllz,.<+,t,~>). 

Setting now 

w(t) = I v(t)' 

lu(t), 

the conclusion follows easily. 

s < t < s + ~  

s+~<=t<~tl 

[] 

COROLLARY 2.3. Let 0 < 0 < 1. Then 
(i) for any f~Zt-o.o(to, tt; X) and x ~ D ,  problem (1.22) has a classical 

solution, 
(ii) for any f E C° ([ to, tt]; X) and x ~ D such that A ( to)X + f (  to) E D, problem 

(1.22) has a strict solution, which belongs also to C~^°([to+ t, t t ] ;D)O 
Cl+t~^°)([to + e, tz]; X) for any eE]0,  ti - to[; 

(iii) for any f~C°([to, ti]);X) and x E D  such that A(to)x +f ( to )~  
DAto)(O, oo), problem (1.22) has a strict solution belonging to C*^P([t0, t~]; D) n 
Ct+(*^o)([to, tt]; X). 
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PROOF. (i) It is sufficent tO set u ( t ) =  w ( t ) +  e('-'o~('~x, where w is the 
solution of (2.3), with s -- to, given by Proposition 2.2. 

(ii) Let u(t)  = v(t) + z(t) ,  where v(t) = eCt-tO*Ox + f~o eCt-suuo~f(to)ds and 
z( t )  are respectively the solutions of 

v'(t) = A(to)V(t) + f(to), to < t < tl, 

v(to) = x;  

z'(t) = A( t ) z ( t )  + (A(t)  - A(to))V(t) + f ( t )  - f(to), to < t < tt, 

Z( to) = O. 

Then v belongs to C([t0, tl]; D) N C~([t0, fi]; X) tq C~(]t0, td; D), and, using 
estimates ( 1 . 21 ) ,  it is easy to see that ( A ( . ) - A ( t o ) ) V ( . )  belongs to 
Ca^°([to, f i];X). Proposition 2.1 may be applied now, to find z ~  
C"^°([to, tl]; D) A Cl+t°^°)([to, tl]; X ) .  

Therefore u(t)  is a strict solution of (1.22) with the regularity properties 
claimed. 

To get (iii) it is sufficient to apply Proposition 2.1 w i t h  s = to, y = x and 

O = f .  [] 

DEFINITION 2.4. Let to < s < t < t~ a n d  x ~ X .  Set 

( 2 . 8 )  W(t, s)x = w(t) 

where w is the solution of (2.3) (with f =  0) given by Proposition 2.2. 
Set also: 

(2.9) G(t, s )x  = W(t ,  s )x  + eU-S)AO)x. 

Here we list some estimates on G(t,  s )x  and its partial derivative 

0 
o t G ( t , s ) x  = A ( t ) G ( t , s ) x  (t > s ) ,  

which are similar to the well-known ones in the time-independent case. 

PROFOSITION 2.5. There are constants (depending also on a, f i -  to, v, 

[[ A [[ c'(twd~w,x)), Mk (k = 0, 1 , . . . ,  4)) such that for  to < s < r < t < tl we have: 

co(O, B) 
(2.10) ][G(t,s)[lLw~(,~(o,®),o.,,o~#:o))<(t_s)#_o, 0 < 0 < . 8 < I ;  

<(0, ~) 
(2.11) II A (t)G(t, s) II < (t - s) l+~'-  o ) 0 ~_< 0 ~ 1, 0 ~ p ~ if; 
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(2.12) 
[ ( t - r ) ~ - _  # + 0 ~ )  f t- ,  da ] 

<C2(O, f l )L ( r_s ) ( l_~×l_o)  + - ,  a#-o+l , 0 < 0 , f l < l ;  

(2.13) 
II A ( t ) G ( t ,  s) - A ( r ) G ( r ,  s) IILW,,,~O,~),o.,,¢#,~I) 

< C3(0, fl) (t -- r) ~-# + 0 < 0 < 
- s )  ~-° -~ o2-~- o , = 1 ,  0 ~ p _ - < a ;  

(2.14) 
c,(O, #) 

II A(t)G(t, s) II ~ o ~ , : +  ~.~,.o~,,~#.~, ~ (t - s)m"C°'#-°~ ' 

0 < 0 < 1 ,  0 < f l  < a ;  

(2.15) 
II A (t)G(t, s) - A (r)G(r, s) I1,~o~,,(o +,,~,o~,,o~#,~, 

[( ~ c s ( O , B )  t - r ) " - # +  , O < O < I , O < P _ - < ~ .  
- s  ( 7 1  ~ ~ ~ -  

PROOF. We use (2.9) and the equality 

(2.16) A(t )G( t , s )x- - - - -O W ( t , s ) x  +A(s)ett_su(s),  x ~ X ,  t > s  
Ot 

and we study separately the estimates for W(t ,  s) and e(t-s~(S)x. By (2.2) it 
follows for any x ~ X ,  using respectively (1.11), (1.8), (1.7)-(1.3), (1.8) again: 

(2.17) 

(i) II W(t ,  s ) x  Ilo,,,o~#.~) < N6(fl)NT(a)(t - s) -#0-")N9(O) II x II, 
t o < S < t < t ~ ,  0 < / / ~  1; 

(ii)  II W(t, s)x - W(r, s)x II~,,,,~B.~ 
< N3(t, - to, O)NT(a)Ng(O)(r - s) ~- ~(t - r) '  -# II x II, 

t o < s < r < t < f i ,  0 < p < l ;  

O W( t ,  s ) x  (iii) ~ ~.,,0(#,~) 

< N2(tl -- to, fl)N~(tl - to, 1 - fl, fl)Ng(O)NT(fl)(t - s) - i  II x II, 
t o < S < t < = f i ,  0 < f l < a ;  

(iv) W ( t , s ) x  [ t _ , , - O t  

< Ng(O)N3(tl - to, a)Nt(tl  -- to, 1 -- a, a) 

× NT(a)(rl -- s) -l(r 2 -- r,) "-# II x II, 
t o < s < r ~  < r 2 < f i ,  O < f l < a .  
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For  any x E D and s E [to, t,] the funct ion 

~ t )  = (A(t) -A(s))et t -s~(S)x (s < t < h) 

belongs to C"([s, td; X) and 

(2.18) II 0 II ~'cts,,,J.x)----< ((h - to)" + a-liP + 1)g3(1, 1)[A]~ II x I1~ - NI2 II x I1~. 

Propos i t ion  2.1 may be appl ied to p rob lem (2.3) (with f =  0), finding 

II a(s)w(.)II c(. . , , ) ;x)+ II w II~'(t,.,,l;x)+ II w' II c(t,.,,l,x) 
v II w( . )  II c'(t,.,.j~,) + II w' II c(t,.,,):x> 

(2.19) 
_-< (iP + 1)gs(,0N12 II x lid 
--" g ' 3  II x I1~,. 

Therefore  (using (2.19) and, respectively, (1.6)-(1.20), (1.7)-(1.8), (1.7), (1.8) 
again) we have, for any x ~ D, 

(i)  U W(t, s)x IIoA,,~(a.~)--<- v ( f l )MoNl3  II x Iio, 
t o < S < t < t l ,  0 < # < 1 ;  

(ii) II W(t,s)x - W(r.s)x IIo~,,~(a.~) 
v ( f l ) g 2 ( t l  - -  to, a ) g l 3 ( t  - -  r )  II x II o ,  

t o < s < r < t < h ,  O < f l < a ;  

v(fl)N3(tl - to, a)Nla(t - r) ~+l -p II x II o, 
t o < s < r < t < h ,  a < f l ~ l ;  

(2.20) 0 
(iii) ~ W ( t , s ) x  < v(fl)N2(t~ - to, a)N,311x Uo, 

t o < S < t < t , ,  O < f l < a ;  

(iv) 0 W(t ,  s )x  I t - ,  - Ot W(t ,  s )x  I,-,, 

< v(fl)g3(tl -- to, a)gu(r2  - r,) ~-p II x II o, 
t o ~ s ~ r l < r 2 ~ t ,  O~fl<-_a.  

Moreover ,  by (1.21) (ii), (iii) we have, for to < s < r < t < tl: 

-(i) II -'('-~'("" < II L(Da,,o(O,~),O,(,C(p,~)) = M 4 ( 0 ,  f l ) ( t  - s) °-#, 
0__<p__<l; 

(ii) II A ( s ) e " - ' ~ ( ' )  II ~(o.,,o~O.~),o.,,~(p.~)) <= M~(O, # ) ( t  - s )  - 1+o-a,  

(2.21) 0 < f l ,  0 < 1; 

(iii) II e"-'~(')- e ('-')A(') II ~(o,,,~o.~),o~,,o~a.~>) 

f/ -~ da  
<M4(O, fl) - ,  a l_0+p,  0 < f l ,  0 < l ;  
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• (iv) II .4 (s)e t'-'~t'> - A (s)e ~'-'~°~ II L~o,,,~o.~).o,,,~p.~>) 

< M f t - ,  do 
_- 4(0,f l ) j ,_ ,  e2_o+p, 0-<fl, 0 < l ;  

(2.21) 
(v) II a (s)e t' -,~c, _ A (s)e~'-'~t" II LtD,,,~0 + ~.~.o,,,~p.~ 

~t-,  dtr 
< M , ( O , p ) j , _ ,  tr,_0----+p, 0_-<fl, O_-<l. 

Now (thanks to (2.9) and (2.16)) (2.10) . . . . .  (2.13) follows from 
(2.21)(i) . . . . .  (2.21)(iv) and from (2.19), (2.20), (1.10) by interpolation; (2.14) 
follows from (2.21)(v) and (2.20)(iii), finally (2.15) follows from (2.21)(vi) and 
(2.20)(iv). El 

Propositions 2.1 and 2.5 yield other properties of G(t, s). 

PROPOSrrION 2.6. For any s ~ [to, fi] we have: 
(i) t~G(t ,s)xECt+~([s  + e , h ] ; X )  M C"([s +¢, f i ] ;D)  for x ~ X  and 

e~.]O, t, - s[, 
a 
otG(t ,s)x =A(t)G(t ,s)x fors < t  <ft. 

(ii) G(r2, rOG(rl, ro) = G(r2, ro) for to < ro <-_ rt <= 1"2 <= It. 
(iii) 3 limt_~* G(t, s)x ,rex ED. In this case, lira,_,+ G(t, s)x = x. 
(iv) (a) l f  O<O<-_a and x ~ X ,  then G(.,s)x~CO([s, tt];X) ,~*xE 

DAt~o~(O, oo). In this case, G( . , s )x  is bounded with values in 

DA(to)(O, ~). 
(b) l f  a < 0 < 1 and xED~t~o)(O, ~), then G(., s)x~C°([s, td; X). 
(c) l f  x E D, then G(., s)x is Lipschitz continuous with values in X and 

bounded with values in D. In particular, it belongs to C ~-°([s, fi]; 
DA~o~(O, ~)) for any 0~10, 1[. 

(v) t --, G(t, s)x E Ct([s, h]; X) f3 C([s, fi]; D),~x  ~D,  A(s)x ~D.  
(vi) I f  O<O<a,  t-- 'G(t,s)x~Ct+°([s,  td;X)NC°([s,  t d ; D ) ' ~ x ~  

D,~,~(O + 1, ~). 
(vii) For any x E X  the function O(t)=f~G(t,a)xda belongs to 

C~(]s, ill; X) N C(]s, td; D), and 

(2.22) #(t) = A (t) G(t, a)xde + x. 

There is c~ > 0 such that 

(2.23) A(t) a(t,a)xd~ ~ c ~ l l x l l ,  t o £ s < t < f i ,  xff .X. 
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Paoov. (i) follows from Proposition 2.1. To prove (ii) it is sufficient to 
show that for any x 6 X  the function 0 ( t )=  G(t, rl)G(rt, ro)X-e(t-'o~('O.,c 

coincides with W(t,  ro)x in the interval [rt, t~]. This is true because both 0 and 
W ( . ,  ro)X are strict solutions of the problem: 

{ v' = A(t)v( t )  + (A(t) - A(ro))ett-'o~t'Ox, r~ < t ~ tl 

v(r,) = G(r~, ro)x - e (~, -,d4(,o)x 

which has a unique strict solution thanks to Lemma 1.3. 
To show (iii) it is sufficient to use (2.9) and to recall that lim,_5- W(t ,  s )x  = 

0 for any x E X. The statement follows from Proposition 1.2(i) of [Sin]. 
To show (iv)(a) we use again (2.9): for any x 6 X ,  W ( . , s ) x  belongs to 

C"([s, t~]; X), so that the statement follows from Proposition 1.12 of [Sin]. 
(iv)(b)(c) follow easily from estimates (2.10) and (2.12). Let us show (v) and 

(vi): the condition x ~ D is obviously necessary to get G( . ,  s )x  ~ C([s, t~]; D). 
Moreover, if x ~ D  then W(.,  s)x belongs to C"([s, t~]; D) M C~+"([s, tt]; X), 
so that G( . ,  s )x  belongs to C([s, tt]; D) ~ C~([s, tl]; X) (resp. 
C ° ( [ s ,  t t];  D )  M C 1 +O([S, / t ] ;  g ) ,  0 < 0 < a )  if and only if t --- e ('-'~4(*)x does. 
This happens if and only i f A ( s ) x  belongs t o / )  (resp. to D.~(,)(0, ac)): for the 
proof, see Proposition 1.2(iii) and Proposition 1.12 of [Sin]. 

Let us show (vii). For s < t < t + h < tt set h - t ( ~ t  + h) - ~ t ) )  = It.h + 
Iz.h + 13.h, where 

I i .  h = h - 1  W(t  + h, o )xdo  - W(t ,  a)x  , 

l,..h = h - t ( e(t + h -01410) _ eft + h -o~4(t))xd¢ 7 

- f ~ ( e ( , - ~ ( O ) - e ( , - ~ ( O ) x d a ) ,  

I3, h = h - t  e ( t+h-o~a~t )xd  o _ e ( t - , , ~ ( t ) x d  . 

Using (2.2) it is easy to see that 

lim I~ h = (W( t ,  a )x )da  
h ~0 ÷ ' 

(2.24) 
= A( t )  r'lt W(t ,  cr)xda + r[, (A(t)- A(a)e"-°~(° 'xda .  

d s  d s  
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Moreover  we have 

- f s  t (A (~r)e tt-°~(°) _ A (t)e ° -°)~t l )xda I~,~ 

,< 

301 

f f  J o  I (tr)e ~'- °)At°)(e'~4t') -- 1)X -- A (t)e (' - °k l ( t ) (e '~( t )  - 1)xdrdtr (A 

+ h -j  (e(,+h-ou(o)_ f t t +h e(t + h - o ) a ( t ) ) x d 6  . 

The  first integral converges to 0 as h ---- 0 because 

l im A(a)e¢t-°u~°~(e ~hA¢'~ - 1 ) =  l im A(t)e~t-°)a~°(e ~ ' ~  - l ) x - - 0 ,  
h _ 0  + h ~ 0  + 

and, by (1.21) (vi), we have 

II a (a)e {t- ° u ~ ( e  ~4 ~°~ - 1 )x - A ( t)e {t- °u~t~(e~hA{° - 1)x II 

--< II (A (a)e C'+ ,h -oU{o) _ A (t)e {t +'h -ou{t))x II 

+ II (A (a)e{ ' -°~°> - A (t)e {t-°~{t))x II 

_-< 2M6(0, 0)(t - a )"- '  II x II. 
Therefore  

2' (2.25) l im h h  = (A(a)e~ t - °~° ) -A( t )e~ t - °~( t~ )  xda .  
h _ 0  + ' 

Finally, using the identi ty 

-- {(e I"~'~ - 1 )e C' -'~act~(A (t) - ;t ) - Ix I3.h 

- 2  ( ~ , + h  e ' t+h- °~" ) (A ( t ) - -2 )  - ' x d a  _ f , e , t _ o U , t ) ( A ( t ) _ A ) _ , x d a ) } h -  

which holds for any 2 Ep(A( t ) ) ,  we get easily 

2' (2.26) lira I3h = A ( t )  e~t-°~Oxda + x .  
h _ 0  + , 

Therefore  ¢ is right differentiable, with 

5 # ( t ) - - A ( t )  G ( t , a ) x d a + x = A ( t ) ~ t ) + x  f o r s < t N h .  

For  to < r~ < r~ _-< t~ we have, by (2.9) and  (2.3): 
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II A (r2)~r2) - A (r~)C~r,) II 

2" - -  ° o,x ',-,,) <-_ W(t, o)x It_,, Ot 

+ II e~"-'~¢"~x - e'r'-s)a¢">x 11 + II e¢'~-~'~¢"'x - e"-"uc"x II. 

By (2.4) and  (1.3) we get, for  any  e E ] 0 ,  1[: 

~t 0 O W(t, a)x It-,, - ~ W(t, a)x 1,.,, 

2"Ng(a)Nl(tt - to, 1 - or, a)(r2 - rt) ° - '~ ( r l  - a )  l - '*  II x II. 

Therefore ,  using also (1.21) (v), (iv), (iii) we get 

II A (r2)ar2) - A (r,)ar,) II 

[2e(tl -- to)e't-la- IN9(ot)Nl(tl - t~ 1 - a,  a ) ( r 2 -  r ~ o - , ~  < 

(fo +a-INg(a)(r2-rO'+ MdO, O) + o ) + a -  (r2-rO ~ 

+ M,(log(r2 - s) - log(r, - s)) + Ms(O, O)(h - r,) ~] II x II 

so that  ¢~÷ is con t inuous  in ]s, tt]. Since ¢ is obvious ly  con t inous  it follows 

¢~ C'(]s, t,l; X) n C(]s, t,l; D). 
It r emains  to show es t imate  (2.23): by (2.4), (1.21) (v), (i) we have  

II A(t)C(t) II --< (W(t, a)x)da 

+ f l (A (a)e tt-°~°~ - A (t)e tt-°ut°)xds 

+ II ( e " - ' ~ ' ~ -  l)x II 

<[Ng(a)+g6(o,o)( t t - to)°a-~+Mo+ 1] IIx II. [] 
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3. The representat ion  formula  

In this section we shall show that any solution (in particular, any strong 
solution) of (1.22) may be written as 

(3.1) u(t) = G(t, to)X + G(t, s)f(s)ds, t > to. 

Using formula (3.1) and the estimates of Section 2, we will be able to study the 
regularity properties of the solution. 

PROPOSITION 3.1. Let f ~  Zi-o.o(to, T; X) and x E D,~)(O, oo), 0 < 0 < a. 
Then the function u defined in (3.1) is the classical solution of(1.22) given by 
Corollary 2.3. 

PROOF. By Lemma 1.3, it is sufficient to show that u is a classical solution 
of(1.22) and sUPto<t_<r(t - to) z -o II u(t) 11,, < + oo. For to =< t =< Twe have, by 
(1.20) (ii), (2.10), (2.11), (2.23): 

II (t - to)Z-°u(t)  Ilo =< v( t  - to ) t - ° (  II A ( t ) u ( t )  II + II u( t )  II) --< v ( t  - to) ' - °  

× [  'l A(t)G(t,  to) x I ' +  ,~f~'o+'~2A(t)G(t 's)(f(s)-f(t)) ds ] t o  

;/ f + A( t )G( t , s ) ( f ( s ) - f ( t ) ) d s  + A(t) G(t ,s) f ( t )ds  
to+t)/2 o 

+ Co(0, 0)( ]l x ]] + (t - to)e0 -z If]z-o)] 

< v[Co(O, 1)II x IIo~,,.~0.~ 

( f o  u2 (1 da ) 0)2 [.1],-o.o + G(O, O) + a)orl_o + log 2 ]fh-o+Cz(O, o-i 

+ C61fh-o + Co(O, O) II x II + Co(O, o)(t, - to)°O -z I fh -o ] .  

Therefore sups<, ~.t,(t - to) z-° II u(t) II o < + oo. Using (iii) of Proposition 2.6 
and (2.12) it is easy to see that u belongs to C([to, t,]; X). Let us show that u is a 
classical solution of (1.22): since 

d 
-fit G ( t , to)X = A ( t )G ( t , to)X, 

it is sufficient to consider the term f~, G(t, s)f(s)ds. For to < t < t + h < tz set 
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h -l  G(t + h , s ) f ( s )d s  - G(t, s ) f (s )ds  =Ii.h +12.h +I3,h 
L ,J  to o 

where 

ll,h = h -  l(G(t + h, s) - G(t, s))( f(s)  - f ( t ))ds 

converges to f[o A( t )G(t ,  s ) ( f ( s )  - f( t))ds,  since 

h -](G(t + h, s) - G(t, s))( f (s)  - f ( t ))  converges to A(t )G(t ,  s ) ( f (s )  - f ( t ))  

for s < t and its norm is less than 

C,(O, O) (xi,~(,o+tU2,(s) ( 1 1 ) 
t - s ( s  - to )  l - °  + ( t  - to)  l - °  [f]1-0 

(t - s) ° . ~ 
+ ~[(t°+t)12't](S) t -- to [J]l-O,O), 

(c y/ ) 12,h = h - '  G(t + h, s ) f ( t )ds  - G(t,  s ) f ( t )ds  
\ t J  to o 

converges to A(t)  f~ G(t,  s ) f ( t )ds  + f ( t )  by (vii) of Proposition 2.6, 

f 
t + h  

13.h -- h - i  G(t + h, s ) ( f ( s )  - f ( t))ds 
J t  

converges to 0 by (2.10) and the continuity of f .  
Therefore the right derivative of u is A (t)u(t)  + f ( t )  for t > to. Moreover the 

function t ~ A  (t)u(t)  is easily seen to be continuous in [to,/t]: it is sufficient to 
write, for to < r < t < fi, 

A( t )u( t )  - A(r)u(r)  = [A(t)G(t,  to)X - A(r)G(r,  to)X] 

+ f(,,+r~2 (A (t)G(t,  s) - A (r)G(r, s))( f(s)  - f(r))ds 
*J to 

5 + (A(t)G(t ,  s) - A(r)G(r,  s))( f (s)  - f(r))ds 
to + r)12 

£ + A(t) a ( t , s ) ( f ( r ) -  f(t))ds 
o 

+ f'A(t)C(t, s)( f(s)  - f(t))ds 

+ [A(t) f tl G ( t , s ) f ( t ) d s  - A(r)  £ G(r , s ) f ( r )ds  ] 
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and to use respectively (2.13) (three times), (2.23), (2.11) and (vii) of  Proposi- 
tion 2.6. The continuity of A(.  )u( .)  implies that u is continuously differenti- 
able in [to, t~] and u'(t) = A ( t ) u ( t )  + f i t )  for to < t < t~. Then u is a classical 
solution of (1.22) and, by Lemma 1.3, it coincides with the solution of (1.22) 
given by Corollary 2.3. [] 

As a consequence of Proposition 3.1 we get that if f is H61der continuous in 
[to, t~] and x belongs to D, A (to)X + f(to) belongs to D, then the strict solution of 
( 1.22) (whose existence is stated in Corollary 2.3) is given by formula (3.1). We 

show now that the same representation formula holds when f is merely 

continuous. 

PROPOSrrlON 3.2. Let fEC([to ,  tl]; X) and let u be a strict solution o f  

(1.22). Then u is given by (3.1). 

PROOF. 
Proposition 3.1 and Corollary 2.3, the function 

v(t) = G(t,  to)X + G(t,  s)f(to)ds, 
o 

is the strict solution of 

If u is a strict solution of (1.22), then u(to) = x belongs to D. By 

lo < t  < t l  

v ' ( t )= A( t )v( t )  + f(to), to < t < tl, 

v(to) = x .  

Therefore we have only to show that if w is a strict solution of 

l w'(t) = A ( t ) w ( t )  + f ( t )  - f ( t o ) ,  to < t < t~ 

(3.2) [w(t0) = 0 

then 

~ t  t w(t) = G(t,  s ) ( f (s)  - f(to))ds. 
o 

Let w be a strict solution of (3.2), and set 

wn(t) = n e-n"- '~w(s)ds,  n ~ N ,  
o 

Then 
lim II w, - w II = 0 
n ~ o ¢  

to < t  <=t~. 
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and, settingf.(t) = w'.(t) - A ( t ) w . ( t ) , f .  belongs to Ca([t0, fi]; X) for any n EN,  
so that, by Proposition 3.1, we have 

f' 
(3.3) w.( t )  = G(t ,  s ) f . ( s ) d s ,  n ~ N ,  to =< t <-_ ft. 

o 

On the other hand we have, for to _-< t _-< tl, 

L 
¢ - t o 

f . ( t )  = n e - '~ (w ' ( t  - s)  - A ( t ) w ( t  - s))ds 

~ t  ~t-- t  o 
= n e-n~t-s)f(s)ds + n e - '~ (A( t  - s)  - A ( t ) ) w ( t  - s)ds 

,J to .dO 

so that jr. converges uniformly to f as n----<~. Letting n ~ 0o in (3.3) the 

proposition is proved. [] 

From (2.10) and Proposition 3.2 a fundamental a priori estimate for the 
strict solution of (1.22) follows: 

(3.4) II u(t) l[  =< Co(0, 0) II x II + Co(0, 0) II f ( s )  IIds, to =< t =< tl. 
o 

Now it is easy to show existence and uniqueness of the strong solution of(l .22) 
when f i s  continuous. 

COROLLARY 3.3. Let  f E C([to, td; X )  and x E 1). Then the funct ion u given 

by (3.1) is the unique strong solution of(1.22) .  

PROOF. Letf .  EC~([to, td; X) be such that 

lim II L - f II = 0 and f.(to) = f(to) V n. 

Fix 2 Ep(A(to))  and let y .  ED(A( to )  2) be such that 

lim y .  = x + (A(to) - 2)-  If(to). 

Set x. = y .  - - ( A ( t o ) - - 2 ) - I f ( t o ) .  Then l im._~x .  = x  and A(to)X. +f,(to) 
belongs to D. By Proposition 3.2, problem 

u',(t) = A ( t ) u . ( t )  +f . ( t ) ,  to= < t =< tl 

u . ( to )  = x .  

has a unique strict solution 
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/ -  
u.(t) = G(t, to)X. + ]to G(t, s) f.(s)ds. 

Letting n - -  ~ and using (3.4) the statement is proved. [] 

Another consequence of  Proposition 3.2 is uniqueness of the classical 

solution of  (1.22) when f i s  continuous. 

CoroLLArY 3.4. Let f E  C([t0, t,]; X) and x ~ 19. Then any classical solu- 
tion of(1.22) is also a strong one. In particular, if(1.22) has a classical solution 
u, then u is given by (3.1). 

ProoF. By Corollary 3.3, the function u given by (3.1) is a strong solution 

of(1.22); therefore there are u. ~ Cl([t0, h]; X) tq C([t0, tl]; D) such that u. ---- u 

in C([t0, hi; X) andf .  = u.' - A( .)u. - - - f in  C([to, hi; X) as n --- ~ .  Let v be a 
classical solution of(1.22): then for any e ~]0, h - to[ and n ~ N ,  the function 
v. = v - u. is a strict solution of 

v ' ( t )=A( t ) v . ( t )+  f ( t ) - f . ( t ) ,  t o + e < t <  h 

v.(to + e) = V(to + t) - u.(to + e) 

so that 

( Y0 ) II v(t) - u.(t) II --< Co II V(to + e) - u.(to + ~) II + II f(s) - f .(s)  II ds 
+ e  

by (3.4). 

Letting n ---- + 0o and e --* 0 the statement is proved. C1 

Using the representation formula (3.1) and the estimates of  Proposition 2.6 
we can prove the regularity properties of  the solution of (1.22). In Proposition 
2.6 we studied the function G(. ,  to)X, and now we consider the function 

g O(t) = G(t, s)f(s)ds, O<=to <__t <=h. 

ProPositiON 3.5. ForO < 0 < 1 there are N~4( O), NI5( 0), Ni6(0), NIT(O) > 0 
depending also on a, T, v, Mk (k = 0 , . . . ,  6), [] A [[ c'~to, r];Lw,x~ such that 

(i) I f f E  L®(to, h; X), then ¢)E C'-°([to, h]; DA~o~(O, oo))for any 0 E [0, 1], and 

(3.5) II ¢ II c'-'~t,o.,,O,,oO.~ --< N,,(0) II f II, ~,o,,,:x~. 

(ii) I f  f~C°([to, t,l; x)  then 0~B([to,  t,l; D) n C"^°([to + e, h l ; D )  n 
C'  +~o^°~([to + e, t,]; x)  for an), e ~ ]0, t, - to[, and 
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(3.6)(a) 

sup U 0( t ) I io  + e( II 0 II~-^o{[,0+~,,,j;o~ + 
I0<1 <11 

<= Nls(O)II f l l  c~[,~,,];x~ • 

II ¢" II c-,,'~[,o+~,,,];x,) 

If, in addition, f(to)~DA<o)(O, ~c), then O~C"^°([to, 6]; D) 
C~÷¢"^°~([to, t,]; X) and 

(3.6)(b) 
II 0 II c'^'~l,o.,,D.~ + II O' II c'^°~e,~,,j:~, 

(iii) I f  fEC([to, fi]; X) ¢3 B([to, tl]; DA~o)(O, ~c)) then O~C([to, t,]; D) N 
Ct([to, 6]; X). Moreover O', A (.)0(. ) belong to B([to, tl]; Da<o)(a ̂  0, ~)) ,  
A(.  )O(" ) belongs to C"^°([to, 6]; X) and 

sup IlA(t)O(t)Ilo,,o~,^o,~)+ sup II ~'(t)IIn,,o~^o,~ + II A(')0(')IIc..o.~,,l;x~ 
to'C-l < t l  to < l < t l  

_< NI6(0) sup II f(t)  II O,,o~O.~). 
to<t  <11 

If, in addition,f  belongs to C([to, 6]; DA¢o)( O)) and O < 0 < a, then u' and 
A (.)u(.  ) belong to C([to, 61; DAmon(O)). 

ProoF.  (i) Let to _-< r < t _-< ft. Then by (2.12) and (2.10) we have: 

II ¢(t) - ¢(r)II O.,o~O.~ 

< (G(t, s) - G(r, s))f(s)ds + G(t, s)f(s)ds 

< [C2(0, O)((t - r)m-°(t, - to)~/a + (t - r)'-°/O(l - 0)) 

+ Co(O, O)(t - r)l-°/(l  - O)][jqt-~[,,t,~;x) 

and (3.5) follows. 
(ii) If f is H61der continuous, then 0 is the classical solution of  (1.22) with 

x = 0 (see Proposition 3.1). By (2.10) and (2.23), (1.20) (ii) we have, for any 
t ~[to, td: 

f/  f/  o II 0(t) II ~ --< G(t, s)(f(s) - f(t))ds + af t ,  s)f(t)ds 
o D o 

= co(0, 1)(tl o -I - to) 0 [flc'~[,~,a;x) 

+ V(Co(0, 0)(tl - to) + C6) sup II f(s) II 
t o < s < f i  

(3.7) 
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which implies (together with (2.4), taking x = 0) (3.6)(a). In the case that f(to) 
belongs to DA~o)(O, oo), then the regularity properties of  ¢ and estimate (3.6)(b) 
(with Nt6(O) = Ns(a A 0)) follow from Propositions 2.1 and 3.2, taking s = to 
and x = 0. 

(iii) L e t f E  C([to, h]; X) tq B([to, t~]; DA~o)(O, oo)). Then for to < r < t _-< t~ we 
have by (2.13) and (2.11): 

U A(t)C(t) - A(r)C(r) II 

< (A(t)G(t ,  s) - A(r)G(r,  s)) f(s)ds + A( t )G( t ,  s) f (s)ds  

+~ do _ r) o 
(3"8)<[ C3(O' O)(tl - t°)°O-I(t - r)* + ~o (1 + a)tr l -°  (t 

q- Cl(0,  0 ) 0 - 1 ( / -  r)° 1 sup II fllo,,,o~o,~) 
1 

J to<..s<tt 

so that A (-)¢( .  ) is a A 0-Holder  continuous. To show that it is also bounded 
with values in DA~to)(a A 0, 00), we first remark that, due to (2.17)(iii), (2.20)(iii), 
(1.10), there is N18(0) such that 

a o~,¢¢~ ̂  o,~) 
W(t,  s)x < N,8(O)(t - s) - '+~^°) II x 

(3.9) 
t > s, x~DA~I,)(O, ~ )  

so that, using also ( 1.21)(v)(iii)(i): 

I] A (t)C(t) II ^ 0.~) 

<= w ( t ,  s) f (s)ds  
DA(,o~a ̂  O,oo) 

+ 
D~,o(a ^ O, oo) 

+ v(~ ^ O) o A (t)e ( ' - ~ " N s ) d s  ~.,,~^ o,~ 

< N,s(a A O)(t, -- to)a^O/(a A O) sup II f(s) II 
to<s<tl 

(tl - -  to)-C~^°)+~+° 
(3.10) + M6(O, aAO) sup IIf(s)llD~,,do,~ ) 

a + 0 - o~ A 0 to<.,<..t, 

+ v(a A O)(M4(O, O)(tt -- to)a/O sup II A s )  
to<S<tL 
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L ) + sup ~l-¢,^0) A(t)Ze~t+¢-,)a~Of(s)ds 
0 < ~ ' ~  I 

< [Nts(a ^ O)(tl - to)'^°/(a ^ 0) + M6(0, a ^ O)(tl - t~)~^°/(a ^ 0) 

+ v(a  ^ 0)(M4(0, O)(tl - to)°/O + 22-~^e)Ml/(1 - (a ^ 0)))] 

× sup II f(s)IIo,,,~o,®~. 
to<s~tt  

Now it is easy to show that ¢ is differentiable in [to, t~] and fY(t) = A (t)C(t) + 
f(t): it is sufficient to write, for t, t + h E [to, t~], 

h - ' (¢( t  + h) - ¢(t)) = h - ' G ( t  + h, s) - G(t ,  s ) ) f (s)ds  

~ t  t + h + h - '  (G(t + h, s) - G(s + h, s ) ) f (s)ds  

f 
t+h  

+ h -~ (G(s + h , s ) -  l) f ( s )ds  
d t  

and to use the equality 

f 
t+h  

+ h -~ ( f ( s )  - f ( t ) )ds  
t J t  

# r ,  

(G(r2, s) - G(rl, s)) f ( s )  = .Jr- A(o )G(o ,  s) f ( s )da  

and estimate (2.11) in the first three addenda and the continuity of f i n  the last 
addendum. Now (3.7) follows from (3.8), (3.10) and from the equality ¢' = 
A ( . ) ~ . ) +  f .  

Let finally fbe long to C([to, t~]; DAo~(O)). Then there are f~ E C([to, tt]; D) 
such that 

lim II A - f II --  o. 
fl+00 

Setting 

£ fbn(t) = G(t ,  s )L ( s )ds  (to < t < tt) 

then 6 and A ( . )~,( . )  belong to B([to, tl]; D,4(o)((x, oo)) N C([to, td; X) and 

lim sup II ¢,(t) - ~'(t) IloA,o O,®)= 0 
n~oo to<.t<.tl 

by (3.8). therefore ~' belongs to C([to, t,]; DA~o~(O)) and so does A(. )¢(. ). El 
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Proposition 3.5 may be used together with Proposition 2.6 and Corollary 2.3 
to study the regularity properties of u, according to the regularity of f and x and 
to the compatibility conditions between f(to) and x. This task is left to the 
reader. 

We conclude this section with some regularity properties of the function 
s --, G(t, s), which will be used in subsequent papers. We set 

A =  {(t, s)ER2; to < S < t < t,} 

and 
A , = { ( t , s ) E R 2 ; t o < s < s + e - < t < 6 } ,  e>O.  

PROPOSITION 3.6. 

(i) For any e ~ ]0, tl - -  to[ the function A, --- L(X), (t, s)--- G(t, s) is a-HOlder 
continuous. In particular, for any x E X  and tE]to, tl], G(t , . ) x  belongs to 

C([to, t[; X). 
(ii) For any x ~ 1~ and t ~ ]to, tl], G(t,. )x belongs to C([to, t]; X). 
(iii) For any eElO, t , - t o [  the function ( t , s ) - - ,G( t , s )  belongs to 

C' +"(A,, L(D,  X)) n C"(A,, L(D)) and 

a 
as G(t, s) = - G(t, s)A(s) for to < s < t < 6. 

In particular, for any x ~ D  and tE]to, 6], G( t , . ) x  belongs to 
Ct([to, t[; X )  n C([to, t[; D) .  

(iv) For any x E D  and t E]to, 6] such that A( t )x  ED,  G( t , . )x  belongs to 
C'([to, t]; X). 

PROOF. 

(i) Let e ~]0, t, - to[, (to, So)~A~, x ~X.  Assume q >_- to. Then, by (l.21)(iv) 
and (2.4): 

II 6(r , ,  Sl)X - G(ro, So)X II 

---< II e¢"-")A~")X -- e'"-")A~'#X II + II e¢'-s'u~'o)x - e¢'°-'da~'°)x II 

+ II W(r, ,  s , )x  - W(r, ,  So)X [] + U W(r, ,  So)X - W(ro, So)X I[ 

< M,(O,  O)(s, - So)" II x II + M' I(rt - st)  - (ro - So)l" II x II 
aE a 

+ II W(r,, st)x - W(r,, So)X U + Ng(a)(rt - ro) ° II x U. 
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Therefore it is sufficient to estimate [[ W(rl, S l ) X -  W(ri, So)X [[. For t ~  
{max{so, si}, tl], let w ( t ) =  W(t ,  S l ) X -  W(t ,  So)X. If  st >-__ So, w is a classical 
solution of 

t w'(t) = A( t )w( t )  + (A(t) -- A(sO)e~'-s,)A~Ox -- (A(t) 

(3.11) -- A(so))e~t-so)A~So)X, S~ <- t <- fi, 

W ( S l )  ~--- - -  W ( S I ,  S o ) X .  

Therefore, using first (3.4) and then (2.4), (1.21)(iv)(i) and choosing 2 Ep(A  (t)) 
for any t, we get: 

sup II w(t)II 
sl -,: t < rl 

_-< co(O, o) II W(s,, So)X II 

Co(0, 0) f~[' [(A(e)-A(st))e[°-',)A~Ox - ( A ( a ) -  + A ( so) )e~O- s#~S~x ]da 

_-< co(O, 0)g6(~)(s~ - So) ~ II x II 

+ co(O, O) (A(a) - A(sO)(e~-~,~',)x - e~-s,~SOx)dcr 

+ co(O, O) (A(e)  - A(sJ)(eC°-~,~C'Ox - eC~-~OA(~o~x)da 
I 

+ Co(0, 0) (A(s,) - A(so))(A(so) - 2) -~ (A(so) - 2)e~°-so~Oxda 
I 

< Co(0, 0) Ng(a) + [A ],d~rs(0, 0)(t, -- to)~/a + [AI.vMz 
(1 + r)r  ~-~ 

+ [A]. sup II (h ( s )  - ,~)-'  IIL~,,.D~(2Mo + I,t I(tt - t o ) M o ]  (s~ - So) ~ II x II. 
to "Z s ~ fi A 

If sl < So, we have to replace the initial condition in (3.11) by W(So) = W(so, st)x 

and the estimate for sup~<,~,, II w(t) II carries on similarly. 
(ii) Follows easily from the equality 

G(t,  s )x  - G(t,  So)X = G(t,  s)(l - G(s, So))X (to < So < s < t) 

and from Proposition 2.6(iii). 
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(iii) Let us remark first that for any x E D we have 

£ (3.12) G ( t , s ) x - x =  G(t,a)A(o)xda, to <=S<t<f i .  

Actually, since tr---,A(tr)x is Holder continuous, then the function 

f~ G(t, a)A(tr)xdtr is the classical solution of  
t -~  

(3.13) 
0'(t) = a ( t ) ~ t )  + A( t )x ,  

O(s) = O. 

s < t  -_< tl, 

The same holds for the function t --, G(t, s)x - x.  Therefore (3.12) holds, and 
it implies that for to _-< t < tl and s, s + h E[t0, t] we have 

~s  s + h h - t ( G ( t , s ) x - G ( t , s  + h ) x ) = h  -l G(t,a)A(tr)xda. 

Point (i) implies that G(t,. )A (.) belongs to C([t0, t[; L(D, X)). Therefore 

so that 

Moreover, 

lim H h -'(G(t,  s + h) - G(t, s)) + G(t, s)A(s) [[Lw,x) = 0, 
h--O 

0 
Os G(t, s) = - G(t, s)A(s). 

O 
(t, s ) - - .~  G(t, s) 

belongs to C°(A~, L(D, X)) thanks to (i) and to the a-Holder continuity of A (.). 
This fact, together with (3.12) and (3.13), implies that ( t , s ) - 'A ( t )G( t , s )  
belongs to Ca(A,, L(D, X)), so that (t, s) ~ G(t, s) belongs to C~(A~, L(D )). 

(iv) Follows from (3.12) because in this case the function tr - -  G(t, a)A (tr)x 
is continuous in [to, t]. [] 
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