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ABSTRACT
We find a new construction of the evolution operator G(¢, s) associated to a
family {A(z), 0=t = T} of generators of analytic semigroups in a Banach
space X. We study the dependence of G(¢, s) on t and s, and we give regularity
results for the solution of the i.v.p. u/(t) = A(H)u(t) + f(t), u(0) = x.

0. Introduction

The purpose of this paper is a new construction of a parabolic evolution
operator G (¢, 5) in general Banach space X, satisfying

G,(t,5)=A@)G(t,5), t>s5,
(0.1)
G(s,s)=1.

Here the linear operators A(¢) : D(A(t)) C X — X generate analytic semigroups
€™® in X and have constant domain D(4(¢)) = D; the function t — A(¢) is
assumed to be a-Holder continuous with values in L(D, X). D is not necessar-
ily dense in X; this is the unique difference between our hypotheses and the
classical Sobolevskii-Tanabe ones (see [S1], [T]).

The technique used to construct G(t, s) is very similar to the one employed
in [DPS], [LS]: that is, we consider A(t) as a perturbation of 4(s) and we use
new maximal regularity results for the time-independent case. More precisely,
for any x € X we set

0.2) G(t, s)x = e"=MOx + W(t, s)x
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where w = W(-, s)x is the solution of

{w’(t) = A(s)w(t) + [A@t) — AS)(w(2) + e ~M0)x), >3,
(0.3)
w(s)=0.

For general x € X, the function ¢ — [4(¢) — A(s)]e" ~M©)x is a-Holder conti-
nuous in [s + d,, s + J,] for 0 <, <d,, and it has a singularity like (+ — 5)*~"
for ¢ near s. Therefore, to find a solution of (0.3), we have to work in a space Y
of X-valued functions having a singularity at ¢ =s, but being sufficiently
regular for ¢t >s. We need also that Y has the so-called maximal regularity
property, i.e. for any ¢€ Y, the solution of

V(1) = AW + ), t>s
(0.4)

v(s) =10,

is such that both v’ and 4A(s)v(-) belong to Y. Then a solution of (0.3) may be
obtained by the usual fixed point procedure: that is, for any w €Y such that
A(s)w(-)E Y we set I'w = v, where v is the solution of (0.4) with

o(t) = [A(1) — ASNw(P) + ! ~H10x),

and we prove that I' has a fixed point w. Then we may define G (¢, s)x for any
X EX by (0.2).

In the above-mentioned papers [DPS] and [LS], the choice Y = C%([s,s + 4], X)
(with 0 < 0 = «) lets one define G(¢, s)x only for very regular x, i.e. for any x
such that ¢ — [4(¢) — A(s)]e ~*4®)x is §-Holder continuous up to ¢ =s.

Our space Y is described in Section 1; it was introduced in [AT3] for
studying the regularity properties of the solutions of u’(¢) = A(t)u(t) + f(t),
when the operators 4(¢) have not (necessarily) constant domains. The maxi-
mal regularity property in a similar space was also stated in [S2].

Using (0.2), we may easily obtain estimates on G(t, s) and A(#)G(t, s) in
several norms, using the well-known estimates on e ~**¢) and the new ones on
W(t, 5). These estimates let us prove many regularity results for the (strong,
classical or strict) solution of the initial value problem

w)y=A@Qu@)+ fit), 0<t=T
(0.5)

u(0)==x,
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which coincide with the ones of [AT1], [AT2], obtained with completely
different methods.

The relatively simple construction of G(¢, s) will let us study the asymptotic
behavior of G(¢, s) as t — + oo in the periodic case A(¢) = A(t + T) and in the
case lim,_., , A(t) = A. This will be the object of a subsequent paper ([L]).

1. Notations and preliminary results

Let X be a real or complex Banach space with norm || - || and let a€
10, 1], BE[O, 1], 2, bER, a <b. We shall consider the usual spaces of func-
tions: L*(a,b;X), LYa,b;X), C(a,b);X), C(la,b]; X), C'(a,b}]; X),
C'(Ja, bL; V), C(la,b}; X), C'**((a, b} X), B(la,b]; X)={/:[a,b]—X,
Sup. <. <5 | 1) | <+ ©}. Moreover we set:

Z, (a, b; X) ={f: la,b]— X; fEC([a +¢&,b]; X) Ve€10,b —al,| fls =

(.1
sup (¢ —a | IOl <+ 00, [flsa= sUP e[ floqorenatean< +°0}

a<tsb O<e<b-a

where

[Nega+ena+rean= sup =) fls)— A

ate/l2ss<tSa+te
It is not difficult to see that Z, (a, b; X) is a Banach space with the norm
(1.2) | f N zpaiy =1 f1g + [ flpa
and that there exists N,(b — a, 8, a) > 0 such that
I f | ot + e = Ni(d — @, B, @)e~C*P || £l 3, 0010
13) VfE€Z,.(a,b; X), Ve€0,b—al.
Let A: D(A) C X — X be a linear operator such that'

there are w ER, 0 € ]n/2, n], M > 0 such that the resolvent set
(1.4) 4 of 4 contains the sector § = {A€C; 1 # w, |arg(A — w)| <0} and
(A —w)A—A4)""||pp=MforeachAES.

Then A generates an analytic semigroup e in X (see [Sin] for analytic
semigroups in the case of non-dense domain), and for any 7 > 0 there are
My, M, M, >0 (depending on w, §, M) such that:

t If X is a real Banach space, condition (1.4) is assumed to hold for the complexification of A.
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(1.5) | td*e“x | =M, ||x|| VxEX, t€[0,T].

For 0 < @ < 1 we denote by D,(8, <), D,(8), D(6 + 1, «) the interpolation
spaces defined by (see [BB], [Tr, th.1.14.5]):

rDA(O, x)= {xEX; [x]o = sup || ¢! %e“x | <+ oo} ;
0 1

<t=

I x Howor= I x I| +[xles

(1.6) D,0)= {x €D,(6, x); lirrol t'"%4e“x = 0};
. [—0

I X loier= Il X | oo,

D0+ 1,c)={xED(); AxED,(0, x)};

L x Hogor= x| + | 4% {| n0.2)-

Then D,(6) is the closure of D(A) in the norm of D, (6, ), for every 6 €]0, 1[.
To simplify some notations in the sequel we set D,(0, ) = X, D,(1,00) = D.
The following interpolation lemma will be used in Section 2.

LEmMA 1.1. Let A:D(A)— X satisfy (1.4) and let a<b, 0<a, <1,
a# 0. The for any u€C*(a; b]; D(4)) N C'**([a, b]; X) (D(A) is endowed
with the graph norm), we have:

u'€B([a, b]; Dy(e, )), uEC**'"%[a, b]; D4(6, «))
and
(1.7)  sup || w'(t) | pyaey = Nob — a, a)( || # || cva, 61000 + | % | tabizr)s

agt=h

(1.8) || u | *-%aprpasien = No(b — a, )| 4 || cabpoan + | ¥ | ctabrnds
where

Nyb — a,a) =max{1 +2%b —a)~*M,, M,+ M},
Ny(b —a,a) =max{Ny(b —a,a)+ My+3,3NAb —a,a) + My+ M}
and M,, M, are given by (1.5) with T = 1. Moreover (1.8) holds also for a = Q.
PrOOF. Let us show (1.7): for any ¢ E[a, b] we have
sup || &' A4e“u(t) ||

0<¢=1

=Max{ sup || &'deMul(t) ||,  sup ||f"°‘Ae"‘u'(t)||}.

0<¢é<(b—a)2 (b-ay2s{=1
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IfO0<&<(b—a)2let hbesuchthatt +hE[a,b]and |h| =&, Then:
| &' 2deu'(e) | = || & Ae“ [u/(t) — h~'(u(t + h) —u(@)] ||
+ || &' cAe®h ™ (u(t + h) — u(t)) |

5 ‘

1
gi-agoth fo W/(t) — u'(t + oh))do

+ || &' deh (u(t + h) —u(@)) ||
=M l[uI]C"([a,b];X) + MO[Au]C"([a,b];X)-
If (b —a)2 =& =1 we have simply
| & cdeu'(t) | S &M ||w(t)|| £2°(b —a)™°M, sup |u'()|-
astsbh

Now (1.7) follows easily.
Letusshow (1.8)for0=a<8.Ifa=0,fort,t + hE€[a, b, |h| =1 wehave

[R15-Y sup || &' %Ue“(uft + h) —u(@) ||

0<¢=1
= A1 sup || &' %Ue(u(t +h) — u(@)) |
<< b
+ k(%" sup || &' %Ae® (u(t + h) — u(®)) ||

1h|=&st

=2M, sup || Au()|| +M, sup ||uw'(@)]-

astsh astsh
Analogously, if 0<a<@and ¢, t + h€[a, b], |h| =1, we have:

|h I—(a+l-9) sup " f“"Ae‘“(u(t +h)— u(t)) "

o<Ex1
= Ih|“"+“"’[ sup || &' %e“(u(t + h)—u@)) ||
0<é<ih]
+ sup || &' (u(t + h) — u(?)) ||]

lh|s¢=1

§|h|‘(a+'*9)[ sup &'"°Mo|h |"[Au]capin + sup &0 h|

0<{<|h| thi=¢=1

sup || u'(s) || DA(a,oo)]

asssh

= Mo Au] o + N0 — a, )| 4 | capppan + I 47 1l caisiny)-
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Now (1.8) follows easily, recalling that

4 cgairn = max{ I v | a3 S“gb | u(®) ||}

asts
and
sup || E'-=deu(t) | =M, supb | Au(?) || -

0<égla<i<b asts

Let now 6 < a: we have to show that u’ belongs to C*~%({a, b]; D (8, x)). For
t,t+h€la,bl], |h| =1 we have:

719 sup || &0 At + ) — u(2)) |

0<=1

=|h l’(“””’[ sup || &' %AeMu(t + h)—u'(t)) ||

0<é<|h|

+ sup IIé“"Ae“(u’(t+h)—u'(t))ll]
1h|=¢=s1

= |h|eo.,

[ sup &0 u(t +h)—u(t) |pgamy+ SUp &M, |k |a[ul]C"[(a,b];X):|
0<&s |kl |kl sé=1

= 2Ny(b — a, a)(|| 4 || cybroun + | ¥ | caprxy) + Milt Iemga oy

and (1.8) follows, recalling that

I % o b Daoron = SUP | u() .00 + SUP || /(1) | pgacorr a

astsh astsh

In the following we shall use also some interpolation properties of the spaces
D, (B, x): namely, if a linear operator B belongs to L(X) N L(D(4)) then B
belongs to L(D,(f8, «)) for any 8 €]0, 1, and

(1.9) Il B Il Logg.on = Ne(BYNl B llzxy)' ~2Cll B Il Loway)”-

Analogously, if B belongs to L(X, D,(8, ©)) N L(D(A4), D,(B, »)) for some
B E€[0, 1] then B belongs to L(D,(6, ), D4(B, «)) for any 6€]0, 1], and

(1.10) || B | Loio.cornap.on = N0, BYN B | Lxnas.on)' ~°CI B | Lowaroason)’ -

Finally, if B belongs to L(X)N L(X,D(4)) then B belongs also to
L(X,D,(B, »)) for each B E€]0, 1[, and
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(1.11) | B | Lex.pasen = Ne(BYN B |l ey’ (Nl B |l Lixpan)®-

Let now f: [a, b]— X and let x € X. Consider the initial value problem:

u'(t)=Au@®) + f(1), a<t=h,
(1.12) {

u(a)=x.

It is well known that, under suitable assumptions on fand x, it is possible to
prove existence and uniqueness of a solution of (1.12), and also to give
maximal regularity results (that is, to show that both u’ and Au(-) have the
same regularity of f). Here we shall consider a new maximal regularity result,
which has been stated in [AT3] for a non-autonomous equation
W =Au(t) + f(t), u(0)=x). We give here a simple direct proof in the
time-independent case.

THEOREM 1.2. Let A satisfy (1.4) and let f€Z, (a, b; X) with 0<B,
a<l1,x€D,1 — B, ©). Then the function

u(t) = e~ Mx + f ' e~ Mf(s)ds, a=t=b

is the unique solution of (1.12), belongs to C'~#({a, b); X) N B([a, b];
D,(1 — B, ) and it is such that u’, Au(-) belong to Zy (a, b; X). There is
N,=Nyb—a,pB,a w, 0, M)>O0 such that

Il & | #qapin + sup N #@ pa-per + | 4 N z@e0+ |44 || 2,00

astsh

1.13
U13) o N X oitpior + 1 22 s0500)-

Ifin addition Ay=sup{Re A; A Ea(4)} <0, then N; can be chosen not depend-
ingonb —a.

PrROOF. Let My, M;, M,begivenby (1.5)withT =b —g,andfor0 <0 =1
let M.(0) (i =3, 4, 5, 6) be such that
)| &' ~0Ae™ || Lipoonn < M3(0); |l &A% || Lp o, onm = Mi(6),
0=¢(=b-a;
| e | Lo, = My0), | e fl Lx.pao,0p = M),

0=¢=b-—a.

(1.14)
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Fora =t =r = bwehave
M,

(1.15) lu@)l| =Mllx| + l_oﬂ(l_a)l_ﬂ‘flp;
and
lu@) = u()|
H M 1_
* “fr el s || = 31(—,3B) % o —po(t = 1) 7*
M, 1 do g M, -
+3 s M _a)l_paﬂlflp(t N _ﬂlflﬂ(t r)

so that u belongs to C'~#([a, b}; X). For a <t < b we have

L d
| u) b - = Ms(1 = B | X | 1-p.o) + Me(1 "ﬁ)f a d [ fls

o (1— o) ~fo*

so that u is bounded with values in D,(1 — £,0).
Using (1.5) it is easy to see that u(t) € D(4) and that u is differentiable with
values in X for ¢t > a. Moreover, for a =t =< b we have:

(¢t —ay | Au@) |

=M =B X |pg-pot (& —a)

{a+1)y2
] 1 sev=4(t5) ~ e

+(t—a) “ f’ Aet =M (f(s) — f(t))ds
(a+1)2
+(t —a)fe =M - DA

@+2(t — a\B ds
=My(1-§) ||x“w(l—ﬁ.m)+M1f [( ) +1]t_s'f|”

a sS—a
M L [t o+ DI
@+n2 (t —a)*(t —s)' ==
12 dg
=EM(1-B) [ x "DA(l—ﬂ,oo)+|:Ml (j; m;‘ﬂ +1082>+Mo+ 1] |f1s

2a
+ - Ml[.f]ﬁ,a'
a
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Moreover, fora <a +&/2=r =<t =a+¢& = bwe have

e *? || Au(t) — Au(r) |

=< 8a+ﬂ

t—-a
f A’exdo
r—a

4 gath f T (et — et fi5) — firds “

a

et | [T (At — 4et= M) fis) — fir)ds
(@a+ry2

+ett| A f "e-M(fir)— fit))ds

+ gx*f f tAe"""(f(S) — flt))ds

+ et | (e M — 1)(Ar)— fiN |
f " Aef(t)da

+ g**b

t-a do
=2°M,1 "ﬂ)f_ F"x | 2.1 8,03

@+ry2 — a\8 t~s di
+ 22a+/’M2 {[(r a) + l]f 2—?} ds |f|p
a s—a r-s g°7¢

+M2.2a+ﬂ fr (r—s)a f,—_:%ds[ﬂﬂﬂ

(a+ry2
't ds
+Mf——-— )
i ’(t_s),_,,[f]p,
a a+p e da
+2Mo+ DUSpalt =) +2° M, | —= 1l

2a+ﬁ
é{ " M1 =B X || g1 - 8.0y

a+f

22+k 2 do 2
N Ly, ( f +1o 2)+ M]
[ o \Jo (1 —o)o* ¢ a /le

to dt M,
atf AR W | — )
+[2 M, fo Ty M 1)] [j],,,a} t—-r)
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so that Au(-) belongs to Z, (a, b; X) and (1.13) holds. N; depends on b —a
through the constants M; (i =0, 1,.. ., 6) and the term
M,
1-8
which comes from estimating the sup norm of u (see (1.15)). If 4, <0, the M;’s
can be chosen independent on b — a. In particular, M, can be chosen such that

(b—a)'*

I} €4 || Lo = Mye™? Vit z0.
Therefore estimate (1.15) may be replaced by
hu@ ] = Mol x || +M[1/(1 —B)+2/1 411111
so that N, is independent on b — a. a

Let now D be a continuously embedded subspace of X and ¢, < ¢t,. We shall
consider a family of linear operators A(t): D — X (t; =t = t,) such that:

for each t €[¢,, t,], A(t) : D — X satisfies (1.4);
(1-16) {the graph norm of A(¢) is equivalent to the norm of D,
1.17) the function 7 — A(¢) belongs to C*([t,, t;]; L(D, X)).
In the sequel we shall often write for brevity:

(1.18) 4 le= sup |A®) fox» [Al=[Alcqouriox0r

LhEtEY

Assumptions (1.16) and (1.17) imply easily that

there are @ ER, §€1n/2, n], M > 0 such that, for any 1 €[¢,, ,],
(1.19)

A(t) satisfies (1.4) with constants w =@, 0 =0, M = M.

In its turn, (1.19) implies that D (B, c0) = D, (B, ) for any  €]0, 1[, and
there are v = 1, v(8) = 1 such that

4 . l
(1) II X " Dy g (B,0) '<—' II X " DyafB.0) é V(ﬂ) " X Il DiagefB.0)

v(B)
(1.20) < 0<ﬂ<1, xEDA(,o)(ﬂ, 00), to§t§t|;

1
@ lxlo=lIxl + 14@x | =vlxlo, x€D, b=t =t

\
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It can also been shown that the following estimates hold for 0 <s =<¢, — ¢,

LhEr<t=il:

(@) [ s*A@) e [y S My, k=0,1,2;

(i) || s™OF=0eMO || Lip, 0 00)Dugiton = M6, B),

k=12, 0=60,8=1,

(iii) || s**2 (A€ | by 6.000Dugion = M6, B),

(1.21) ¢ k=12, 0=6,8=1;

(V) || s™OL=N O — ) || LDy (8,00 DaagtBrod
=EM(6,8)t—r), 0=60,B=1,

(V) || s*¥2-0(A @) e — (A(r) ke || L(Dag f8,0), Dag (B0))
SM(0,8)—r)7 0=6,=1, k=1,2

See [Sin] for the proof of (i), (ii), (iii) and [AT2] for the proof of (iv), (v).
Let f€ C([t,, 1,]; X) and x € X. We shall study the problem

{u'(t)=A(t)u(t)+f(t), Lh<t=t,
(1.22)
u(ty) = x.

A function u € C([,, t,]; X) is said to be a strict (resp. classical) solution of
(1.22) if u belongs also to C([t,, t;]; D) N C([t,, 1,]; X) (resp. to C()tp, t,]; D) N -
C'(Jto, t;]; X)) and satisfies (1.22). u is said to be a strong solution of (1.22) if
u(t;) = x and there are 4, € C([to, t;]; D) N C'([ty, 1,]; X), n EN, such that

limu,=u and lim u;, —A()u,(-)=f in C([to, ;]; X).

n—-x n—~x©
The same definition of classical solution may be given when f€ C(Jt,, t,]; X).

It is easy to see that a necessary condition for the existence of a strict solution
of (1.22) is x ED, A(t)x + f(t,)ED and a necessary condition for the exis-
tence of a classical or strong solution of (1.22) is x €D.

It will be seen later that, when fis continuous in [f, #,], then any classical
solution is a strong one. Also, the uniqueness of the strong solution of (1.22)
will be shown. By now we limit ourselves to state a uniqueness lemma which
will be used in the sequel.

LEMMA 1.3, Let u be a classical solution of
{u'(t) =A@u(@), KL<t=t

u(to) = 0
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and assume that
{u}p= sup (t—DFu@®)|p<+oo forsomepB€E]0, 1.

KEf<tSH

Then u(t)=0 VtE[t, 4]

PROOF. Assume by contradiction that f=sup{t=1t, u(s)=0 for
ty = s =t} <t,. Then since

di et~ MWy (s) = e~ M4 (s) — A())u(s) fori<s<t,
s
we have:

Au(t) = A(2)e-MOy() + f " A MU () ~ A(uls)ds, P<t=t,
so that

(=D JAOu@) || S M[A)( -1 f ds

t—9s)"(s— 1Y

{u}s

1 do -
= M[A]. fo m {u)s(t — 1)
and
- tt —s)*
(= EY Qu) )| S MiALe— 1 [ = Sdstu,

= MylA4]. J;l (1 —0)*o~Pdo{u}s(t — D)+

Therefore u vanishes in [£, (f + 6) A t,], where

1 do 1 - Va
6= <v (M,[A},f —_—t Mo[A],,f (1 — o) Pdo(t, — to))> .
o (1—-0)'* 0
This contradicts the definition of . Hence ¢ = ¢,. QO

2. The evolution operator G(t, s)

Through this section (1.16) and (1.17) will be assumed, and estimates (1.20),
(1.21) will be used. We begin recalling a result which has been proved in [LS}.

PRrOPOSITION 2.1. Letty<s <t, and let p€ C%([s, 1,}; X), yED, A(s)y +
HS)E D0, ), with 0 < = a. Then problem

w'(@)=A@u@)+et), sst=sy
2.1) {

u@s)=y
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has a unique strict solution u € C%([s, t,]; D) N C'*%([s, t,]; X), and there is
Ng(e) (depending alSO tl - to, v, a, " A " C o i, LD, X)p Mi (l = 0, 1, 2)) SuCh that

4l gy + I # l cgs.enn
S NO) N & |l srr + 1Y o + 11 AGS)Y + HS) || 0.0 O

With the aid of Proposition 2.1 (taking ¢ = 0) we could define G(¢, s)y only
for very regular y (i.e., for yED,(0 + 1, ©)). To extend G(¢, s) over the
whole space X, let us consider problem u’(¢) =A()u(t) + f(t) (s <t =),
u(s) = x: if u is a classical solution, then the function w(t) = u(t) — e ~M@)x
satisfies

{w’(t) =A()W(t) + (A1) — A(s))et=MOx + (1), s<t=t,
(2.3)

(2.2)

w(s)=0.

Now we study problem (2.3) using the maximal regularity result of
Theorem 1.2,

PROPOSITION 2.2. Let XxEDyy(n, ) 0=n<l1-a), and let f€
Zy (s, t;; X), with B =1 — a — n. Then problem (2.3) has a classical solution
wEC! (s, t,]; X) N B((s, t,); Dy(a + 11, 0)) N Z {3, 8,; D), such that w’
belongs to Zy (s, t,; X). There is No(n) (depending alsoon t, — t;, || A ||ca, M,
8, @, v, a), such that:

W e+ sup | W) |pgatnar T I W |z 000 + | Wl 26000

sErsn
2.4
@8 < M % Nowgner+ 1 £ zpts00)-

Moreover w is the unique solution of (2.3) in the class of all vE C(Js, t,]; D) such
that || (t — s)Pv(t) || p is bounded.

Proor. First we solve (2.3) in an interval [s, s + 4] (with d small) by means
of a fixed point theorem in the space Z; (s, s + J; D). For any 6 €]0, t, — 5[
and vEZ;(s,5+0J;D) the function ¢—(A(t)—A(s))v(t) belongs to
Zg (5,5 + 05 X). Actually, for s <s +&/2 =r <t =s +¢& =1, we have:

@ (¢ =) | (A@) — AW | S[4LE1 7,

(i) & || (4(1) — AWV — (AF) ~ AW |
S e (AW — AOWE) |+ | (AQ) — AN @) — v |
< 2[AL( — 1) (v ]y + ALFDVIpalt = 1)

(2.5)
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Also the function t — (4(f) — A(s))e" ~M¢)x belongs to Zy (s, s + J; X) for any
XEDy,(B, ) and we have, fors<s+e/2=r=t=s+e=1

(D) (1 = 5)2 || (A() — A(s)e" x| = Mi(n, DIAL | X oy sn.con
(i) 22 || (A1) — A(S))e~Mx — (A(r) ~ Als))e! x|
< goth “ “® —A(r))e"""“)x "
+ gott “ A - A(s))(e“""“‘) — e(r—s)A(S))x "
=2'""My(n, DIALE = 1) | X b ner
+a™217 My, DAL =)l x|l Dyg gm0y

(2.6) |

Finding a solution of (2.3) in the space Z; (s, s + ;D) is equivalent to
finding a fixed point of the operator I': Z; (s, s + J, D)= Z; (s, s + 9; D),
I'v = u, where u is the solution of

u'(t) = A(s)u(t) + [A@t) — AE)v () + [A(2) — A(5)]e ~MOx + fi2),
sS<t=s+9,
u(s)=0.

By (2.5), (1.13), and (1.20) (ii) we have
W T N izyutss+ 8,0 = VNSt — 1o, B, o0, B, 6, M)(2*# + 1)[4).0%,
so that I' is a contraction with constant § if
8 < QWNy(t, — to, B, o, @, B, M)(2? + 1)[A],) "

In this case I' has a unique fixed point v, which belongs also to
C'#([s, s + 61; X) N B([s, s + 6); Dyy(1 — B, )) by Theorem 1.2. Thanks
to (2.6), (1.13) and (1.20), we have

v lo-rgsseapnt suP I V(@) Ip-p + v Wl 5.5+ 820
SStSs+46

+ 1 A6 [l z,655+000
2.7 S 2Nt — 1, B, o, @, 6, M)[(3M(n, 1)
+ Zlhna—lM4("’ 1)[‘4]“) " x “DA«@('I»OO)+ “f“Z,,(uH;X)]

= Nio | X I pyinor + Nt N S zptss 4300

If s + 6 =¢, the proof is finished. Otherwise, set 5, =s + 9, y = w(s + ),
1) = (A(t) — A(s))e"~MCx 4 f(t). Then y belongs to D, and A(s)y +
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@(s,) = v'(s,) belongs to D,a, ) thanks to Lemma 1.1 (since v belongs to
C([s +¢&,5); D) N C'*e([s + ¢, 5,]; X) for any ¢€]0, s, —s[). Using (2.7),
(1.3)and (1.7) witha =5 + /2, b =5 + J = 5, we get

| Ay + &(81) | Dy @y = 2No(ty — o, Nty — 1, B, )

X7 WNio | x | 1% Npey(m:00) + Nit | £ 2y attoss 0)-
Moreover ¢ belongs to C*({s,, t,]; X), and by (2.6) and (1.3) we get

" ¢ “ C(Isi,1):X)
SN —to, B, )0 ' [3M(n, 1) + 2"~ 'Mn, DNA) | X | pyegtnor

+ 1 26000
By Proposition 2.1, problem (2.1) has a unique strict solution
u €C«([s,, 1,}; D) N C™*2([sy, 1,]; X),
and
e sy + I % g

=N ¢l o T 1Y Lo + 1 AGDY + &s) | o, )
< N[l + 2N,N.8-' + N/(26Ny)]
X (Nio % I 1% Doy T Nt | S N zpstosinr)-

Setting now
v(t), sSt=Ss+9o
w(t) =

u(t), s+ost=y

the conclusion follows easily. m]

COROLLARY 2.3. Let0<@<1. Then

@) for any fE€Z,_g4(ty, t,; X) and x €D, problem (1.22) has a classical
solution,

(ii) for any f€ C¥([t,, t,}; X) and x €D such that A(t,)x + f(t,)ED, problem
(1.22) has a strict solution, which belongs also to C**°([t,+¢,4];D)N
CH+erd)[1 + ¢, 1); X) for any e €10, t, — t;

@ii) for any fEC(ty, 1,]); X) and xED such that A(ty)x + f(t))E
D408, ), problem (1.22) has a strict solution belonging to C**#([t,, t,]; D) N
C' e )([ty, 1}; X).
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ProoF. (i) It is sufficent to set u(t) = w(t) + e¢“~‘M&Wx, where w is the
solution of (2.3), with s = ¢;, given by Proposition 2.2.

(ii) Let u(¢) =v(t) + z(t), where v(z) = ¢!~ MWx + [t =M f(1))ds and
z(t) are respectively the solutions of

V() =A(tv(t)+ flty), th=t=t,
{V(to) =X

()= A(O)z(t) + (A1) — AWV + 1) — fl)), K=t =y,

{z(to) =0.

Then v belongs to C([t,, t;]; D) N C!([t,, 1,]; X) N C=(ty, 1,]; D), and, using
estimates (1.21), it is easy to see that (A4(-)— A(f))v(-) belongs to
C**%([to, t,]; X). Proposition 2.1 may be applied now, to find z€
C**¥(Ito, ,); D) N C' e[ty 1,]; X).

Therefore u(t) is a strict solution of (1.22) with the regularity properties
claimed.

To get (iii) it is sufficient to apply Proposition 2.1 with s = ¢, y = x and
=1 O

DEFINITION 2.4. Letf{,=s=t=t and xEX. Set
(2.8) Wi, s)x = w(t)

where w is the solution of (2.3) (with f = 0) given by Proposition 2.2.
Set also:

(2.9) G(t, s)x = W(t, s)x + et —M@)x

Here we list some estimates on G (¢, s)x and its partial derivative
0
a—t G(t, $)x =A()G({, s)x  (t>3),

which are similar to the well-known ones in the time-independent case.

PROPOSITION 2.5. There are constants (depending also on «, t, —t,, v,
A4 | cawnproxy Mk =0,1,...,4)) such that for 4 =s <r <t =t, we have:

CO(G’ B)
(t—s)y-*
(6, B)

(t _s)l+ﬂ—0’

(2.10) [ G(t, 8) || Lipu®0 Ducot B = , 0=0=8=1;

(2.11) | A@OG (@, 5) | LDy .00 Dagpprcon = 0=20=1,0=28=q



Vol. 60, 1987 ABSTRACT PARABOLIC EQUATIONS 297

| G(2, ) = G(r, 5) l| LDyegt6, ). DacBxn
(t — r)l—ﬂ+9(al\ﬁ) t-s  do
+]

(r _ s)(l —aX1-6)

(2.12)

= C2(6, ﬁ)l:

| A@)G (¢, 5) = AT)G (7, S) | Ly gt6. ). Daghoe)

(2.13) _
(t—ry* t-s dg _
§C3(0’B)[(r_—:)l—_o+j:—s pryvar L 0=0=1,0=f=0

C4(0,B)

(t - s)max(o,ﬂ—o} ’

0=0=1, 0sSf=q

I A@)G(t, 5) = A(F)G(r, $) | LD @+ 120 DB

gcs(e,ﬂ)[(z~r)“*”+fm%fre]’ 0=0=10=f=a

r-s g

(2.14) N A@)G(E, $) | Lipaio+1,20, Dagiren =

(2.15)

ProoF. We use (2.9) and the equality
d -
(2.16) A()G(t, s)x = Py Wi(t,s)x +A(s)e" MO x€X, t>s

and we study separately the estimates for W(t, s) and e ~4¢)x, By (2.2) it
follows for any x € X, using respectively (1.11), (1.8), (1.7)=(1.3), (1.8) again:

(G) || W(t, )% | i) = Nl BINe)(t — 5) P1=9N(0) || x |},
KhEs<tst, 0SB=I;
Gi) || W2, )% = W(r, )X | oy
= Ny(ty — to, OONAa)NO)r — s)*~'(t =)' (| x ||,
hEs<r<tst, 0<f=I;

(iii)

d
— Wi(t, s)x
'm (t,5)

DA(yd(ﬂvw)
SNyt = to, BIN(t, — to, 1 — B, BINOIN(B)t —5) ' || x ||,

t0§S<t_§t1, O§ﬁ§a;

(2.17) <

(iv)

d ad
— W, s)x =, —— W, 5)X |-,
Iat ( ) Il ot ( ) |' Dy gl B,0)

= Ny(O)Ny(t) — to, )Ny(t, — 1, | — @, @)
X Noa)(r,—8) " (ry—r)*# || x|,
\ t0_5_s<r1§r2§tl, O§ﬂ_—<_a
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For any x €D and s €[t,, ¢,] the function
(1) = (A(t) — A(s))e!~ME)x  (s=t=1)
belongs to C*([s, t,]; X) and
Q.18) 1l sy = (0 = )" +a™'v + DML, DI [| X |o = N2 | x || o.
Proposition 2.1 may be applied to problem (2.3) (with /= 0), finding

I AW | sy + 1 W lequan + 1 W |l cgsann
Sviivwe) fewan + 1T lewan
S(v+ DNg(@N || x || »
=Nl x |lp.

Therefore (using (2.19) and, respectively, (1.6)-(1.20), (1.7)—(1.8), (1.7), (1.8)
again) we have, for any x €D,

() || Wi, s)x l Dy Bre) = V(BYMoN 3 || X [ p,
Lh=s=t=t, 0=g=1;
(ll) " W(I,S)X - W(r’ S)x " Dy (B.o0)
S VBNt — to, N5t — 1) | X |l ps
LEsS=r=t=t, 0=f=qa
S V(BIN(t, — to, )Nyt — 1) P || x || o,
LES=<r=t=t, a<p=1l;
SV(BIN(t, — 1o, )Ny3 || X || ps
DA(:@(ByW)
W=Ss=t=t, 0=2B=q

(2.19)

(2.20) « 5
(iii) Il—W(t,s)x
ot

0 9
i —W(t,s)x |j=,— — W(L, $)X |-,
@) |5 W53 ] W 5)%],

Darg(B.0)
S V(BINs(t, — to, )N io(r,— 1) # || x || p,
\ Lh=s=n<n=t, 0=f=a

Moreover, by (1.21) (ii), (iii) we have, for f(y = s <r <t =t

(i) I ol =90 I L(Dasy Brce)Daoh ) S M, B)t —s)° P,
6=B=1,
(ii) I A(s)e(t—s)A(S) I L(Dut f ). Daiy (B =M(0, ) — s)—l+o—ﬁ’
(2.21) | 0=p,0=1
(i) || e~ MC — MO, k8.0 Dact o)
t-s  do
§M4(0,ﬁ)f'_s prarvi 0=8,0=1;
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(iv) [} A(s)e" ™M) — A(s)e" =M L, 40,00 DacghBrc
do

{—s
=m@.p) [ =55, 0sposi;
(V) 1 A()e MO — A(5)e" M || Lp,h0 + 120D 8.0
{—s do'
sm@.p) [ =55 0spesl
Now (thanks to (2.9) and (2.16)) (2.10),...,(2.13) follows from
(2.21)(), . . ., (2.21)iv) and from (2.19), (2.20), (1.10) by interpolation; (2.14)

follows from (2.21)(v) and (2.20)iii), finally (2.15) follows from (2.21)(vi) and
(2.20)(iv). (]

Propositions 2.1 and 2.5 yield other properties of G(¢, s).

(2.21) ;

PROPOSITION 2.6. For any s €[t,, t,] we have:
(@) =G, s)XEC*(s+e& 1, X)NC(s +e,4,);D) for xEX and
& E]O, tl - S[,

(%G(t, Sx =A@)G(t,s)x fors<t=t,.

(i) G(ry, )G, r)=G(ryr)fortb=re=n=nzt.

(iti) 3 lim,_;+ G(t, s)x = x €D. In this case, lim,_+ G(t, s)x = x.

(iv) (@) If 0<0=<a and xEX, then G(-,s)xEC([s,1]; X) =x€
D48, ). In this case, G(-,s)x is bounded with values in
DA(to)(o, ).

(b) Ifa <8 <1 and x ED 4,0, ), then G(-, s)x €C*([s, 1,}; X).

(©) If xED, then G(-, s)x is Lipschitz continuous with values in X and
bounded with values in D. In particular, it belongs to C'~°([s, t,];
D40, ) for any €10, 1[.

v) t—G(t, s)x EC'([s, t,]; X) N C((s, 1,}; D)=>x ED, A(s)x ED.
Vi) If 0<6=a, t—=G(,SXEC'*([s,t,}; X) N C¥s, t,}; D)=xE

D6 + 1, ).

(vii) For any x€X the function ¢(t)= [iG(t,0)xde belongs to
C'(s, u}; X) 0 C(s, 4,}; D), and

t
(2.22) #() = A(t) f G(t, o)xdo + x.
There is ¢, > 0 such that

(2.23) . éC&"X", t0_5_5<t_5_t1, XEX.

A1) f: G(t, 0)xdo
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ProoF. (i) follows from Proposition 2.1. To prove (ii) it is sufficient to
show that for any x €X the function ¢(t) = G(t, r)G(r,, ro)x — e ~"Mx
coincides with W(t, ry)x in the interval [r,, ¢,]. This is true because both ¢ and
W(-, ry)x are strict solutions of the problem:

{W = Aty () + A@¢) — A(ro))é'('“’ol*(’o)x’ r<t=t,
v(rl) = G(rl, ro)x —_ e(’,"’ol-l(ro)'r

which has a unique strict solution thanks to Lemma 1.3.

To show (iii) it is sufficient to use (2.9) and to recall that lim,_.,+ W(¢, s)x =
0 for any x € X. The statement follows from Proposition 1.2(i) of [Sin].

To show (iv)}(a) we use again (2.9): for any x€X, W(-, s)x belongs to
C*([s, 1,]; X), so that the statement follows from Proposition 1.12 of [Sin].

(iv)(b)(c) follow easily from estimates (2.10) and (2.12). Let us show (v) and
(vi): the condition x € D is obviously necessary to get G(-, s)x EC([s, 1,}; D).
Moreover, if x €D then W(-, s)x belongs to C*([s, 1,]; D) N C'*<([s, 1,]; X),
so that G(-,s)x belongs to C(s,1];D)nC\(s, 1], X) (resp.
Ce(s, t,]; D) N C'*([s, 1,}; X). 0 <6 =) if and only if 1 — "~ x does.
This happens if and only if A(s)x belongs to D (resp. to D,,(6, x)): for the
proof, see Proposition 1.2(iii) and Proposition 1.12 of [Sin].

Let us show (vii). For s<t<t+h =t, set i~ (ot + h)— (1)) =1, +
L, + I, where

t+h {
I, =h“(f W(t +h,a)xda—f W(t,a)xda),
1+h
]M =h! <f (e(!+h—u).4(o) _ e(r+h—au(1))xda

!
— f (e(’ —o)(e) _ e(f ”UM('))xda) s
3

t+h t
Ly=h"! ( f et th—oMxde — f e‘*“’““’xda) .
h) s

Using (2.2) it is easy to see that

lim I,_,,=ft§;(W(t,a)x)da

h—0*
(2.29) p p
= A(1) f W(t, o)xdo + f (A(t) — A(o)e* ~M“)xdog,
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Moreover we have

H
by = [ (@t — At 40)xdo
§

t i
f f (A(0)e! MO (e™@ — 1)x — A(t)e! ~MO(e™® — 1)xdrda
s 0

1

t+h
+ “h_lf (e(r+h—-a)A(u)_e(1+h—-a)A(t))xdo.
¢

The first integral converges to 0 as # — 0 because
hlim A(g)et ~ M@ (e — ) = hhr(r)1 A(t)el Mgt — 1)x =0,
_.0+ —_ +
and, by (1.21) (vi), we have

| A(0)e MO (e™@ — 1)x — A(t)el ~MO(e™M® — [)x ||
< | (A(o)el =M@ — 4(r)el +h=oMO)x |
+ || (A(0)e"~M@ — A(r)el ~oMO)x |

S 2M(0,0)t — o)~ |l x|
Therefore

t
(2.25) lim £y = f (A(0)e!~™M@ — A(1)e~MO)xdy.
Finally, using the identity

Ty = {40 — et =204 = 1) 1x

—2 ( | " aenomoa () — )~ xdo — [ en-og () - A)-'xda)} h-
which holds for any A €p(A(t)), we get easily
(2.26) lim Iy = 4() f ' et-oMxgg + x.
Therefore ¢ is right differentiable, with
#(1) = A1) fs' G(t, o)xda + x = A@OHe) + x fors <t =t,.

For t,<r, <r, = t, we have, by (2.9) and (2.3):
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| A(r)(rs) — A(r)e(r) ||

n 6 6
| (5; W(t, 005 | = 2 WL, 0)x I) do

n 6
+ f | <E W, o)x I)ds“

| [ 1eyen - aeayendnds

+ f ' [A(0)et= M@ — 4(r,)etn M) xdg

+ || elam My — plimMbdy || 4 || gl=rMEdy — =My |,

By (2.4) and (1.3) we get, for any ¢ €]0, 1{:

‘ ad
a

;]
—; W(t’ a)x |t-r1 - a_t W(t’ O')X |t—r|
ZE2°Nfa)N\(t, — to, 1 —a, a)(ry~r)" = r — g)' I x0-

Therefore, using also (1.21) (v), (iv), (iii) we get
| A(r)p(rs) — A(r)e(r) |
= [2‘([, — 1) la T '\Ny(a)N((t, — to, | —a, a)(ry—r)t—o»

+ do'

m+a")(r2-rn)“

+ a " 'Nya)(r,— r)*+ M0, 0) (J;

+ M (log(r, — 5) — log(r, — 5)) + M(0, 0)(r, — ’1)“] Il I

so that ¢, is continuous in ]s, ¢,]. Since ¢ is obviously continous it follows
PEC'(Is, 1}; X) N C(s, 1,}; D).
It remains to show estimate (2.23): by (2.4), (1.21) (v), (i) we have

¥
NA@) || = ” f gt(W(t,a)x)da

‘]

{
f (A(0)e" ~M@ — 4(t)e! ~MWO)xds

+ Il (e — 1yx |

= [N(a) + M0, OXt, — t)%a ="+ Mo+ 1] || x ||. O
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3. The representation formula
In this section we shall show that any solution (in particular, any strong
solution) of (1.22) may be written as

3.1 u(t)=G(, te)x + J\l G(t, 5)f(s)ds, =t
&

Using formula (3.1) and the estimates of Section 2, we will be able to study the
regularity properties of the solution.

PROPOSITION 3.1. Let fEZ,_44(ty, T; X) and x EDy (0, ), 0 <0 = e
Then the function u defined in (3.1) is the classical solution of (1.22) given by
Corollary 2.3.

Proor. By Lemma 1.3, it is sufficient to show that « is a classical solution
of (1.22) and sup, <, <7(t — )" ~° || u(t) || p < + 0. For t, = t = T we have, by
(1.20) (i1), (2.10), (2.11), (2.23):

(2 = to)' ~u(e) o S vt ~ 1) 2 A@u@) || + u@) ) = vt —t)'~°

x [ I AWG(, x| +

1) “T 406, sYAs) - fnds

+ ” f' AOG(, s)f(s) = fi)ds || + “A(t)f’G(t,S)f(t)ds
(to+ )2 N

+C0,0)( I x | +(t - to)”B"lfh—o)]

=v [Co(g, l) " X “ Dyiegf0,x)

172

+eo00( [ o

+ log 2) [ fli—g + C(0,002°7'[ f],_ss
+ Gl fli—g + Co(0,0) | x || + Co(0, 0)¢, — to)00_1|f||—o] .
Therefore sup, ., <,(t — 1)~ || u(?) || » < + 0. Using (iii) of Proposition 2.6
and (2.12) it is easy to see that u belongs to C([¢,, ¢,]; X). Let us show that uisa

classical solution of (1.22): since

d
;[ G(t, t)x = A@)G(2, to)x,

it is sufficient to consider the term [{ G(¢, 5) fis)ds. For ty<t <t + h =1, set
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h! [f’+h G(t + h,s)f(s)ds — f’ G(t, s)f(s)ds] =1+ Ly + Iy

where
L= [ h7(GG +hi9) = Gl sNAS) = fi)ds
converges to [L A()G(t, s)(f(s) — f(t))ds, since
h=G(t + h, s) — G(t, s){f(s) — f(1)) converges to A(t)G(t, s)( f(s) — f1))

for s <t and its norm is less than

G,(0,0)
t—s

1 1
(X[!o,(lo+l)/2](s )( )[j]l -9

(s —tp)'° * (t—1t)'°

(t—s)°
+ Xl(ro+1)/2,t](s) [f]l—o,o) >
t - to

Ly=h"" (f" G(t + h, 5) fit)ds — f G(t,s)f(z)ds>

0

converges to A(t) [; G(t, s) f(t)ds + f(t) by (vii) of Proposition 2.6,

t+h
Iy=h" f Gt + h, sYfis) — fit))ds

converges to 0 by (2.10) and the continuity of f.
Therefore the right derivative of u is A(¢)u(t) + f(t) for t > t,. Moreover the

function ¢t — A(¢)u(t) is easily seen to be continuous in [#, ¢,]: it is sufficient to
write, for f[p<r <t =1,

A(Ou(t) — A(r)u(r) = [A()G(1, t)x — A(N)G(r, to)x]

+ f :"’*’“ (A(1)G(2, $) — ANG(r, HAs) — fir)ds
+ f( ;W AG(, 5) = ANG(r, K fis) — fr))ds
+a0 [ G(t, ) Ar) — fit)ds
+ f LAWG(L, sYAs) — f)ds

+[A(z) f "G, 5)f)ds — AC) f 'G(r,s)f(r)ds]
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and 1o use respectively (2.13) (three times), (2.23), (2.11) and (vii) of Proposi-
tion 2.6. The continuity of A(-)u(-) implies that u is continuously differenti-
able in [ty, 1,] and u’(¢t) = A()u(t) + f(t) for t, =t = t,. Then u is a classical
solution of (1.22) and, by Lemma 1.3, it coincides with the solution of (1.22)
given by Corollary 2.3. O

As a consequence of Proposition 3.1 we get that if fis Holder continuous in
[t, 1;] and x belongs to D, A(f,)x + f(t,) belongs to D, then the strict solution of
(1.22) (whose existence is stated in Corollary 2.3) is given by formula (3.1). We
show now that the same representation formula holds when f is merely
continuous.

ProposiTiON 3.2. Let fEC([t, t,); X) and let u be a strict solution of
(1.22). Then u is given by (3.1).

Proor. If u is a strict solution of (1.22), then u(#,) = x belongs to D. By
Proposition 3.1 and Corollary 2.3, the function

v(t)=G(t, to)x + f,t G(t,s)fltyds, L=t <y
is the strict solution of
V) =A@p@) + fl), K==,
{,V(to) =X.
Therefore we have only to show that if w is a strict solution of
wit)=Aw()+ ft) - fly), H=t=y
{W(to) =0

3.2)

then
w(t) = f G(t, s\ Ss) — flt)ds.

Let w be a strict solution of (3.2), and set

t
w,,(t)=nf e~ "t=yw(s)ds, neEN, (=t=t.
fp

Then
lim || w, = W || cqronpny =0
n—w
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and, setting f,(¢) = w;(¢) — A(¢)w,(t), f, belongs to C*([t,, t;]; X) for any n EN,
so that, by Proposition 3.1, we have

t
(3.3) w,(1) = f G(t,s)fi(s)ds, n€EN, L=t=t,
to
On the other hand we have, forf, <t =<1,
t~1
) =n f e~ S(wi(t — 5)— A(W(t — s))ds
0

=n J::e—n(t—s)f(s)ds +n J‘ot—zo e—'ls(A(l —S) —-A(t))w(t —s)ds

so that f, converges uniformly to f as n— . Letting n— oo in (3.3) the
proposition is proved. a

From (2.10) and Proposition 3.2 a fundamental a priori estimate for the
strict solution of (1.22) follows:

G4 O] =600 x ] +e0,0 [ 1) 1ds, nsest.

Now it is easy to show existence and uniqueness of the strong solution of (1.22)
when fis continuous.

CoroLLARY 3.3. Letf€C([ty, t,}; X) and x €ED. Then the function u given
by (3.1) is the unique strong solution of (1.22).

ProoF. Let f, € C*([t,, t,]; X) be such that
im ||/, = fllcqourn =0 and f(t)=fl) Vn.
Fix A €p(A(ty)) and let y, € D(A(t,)?) be such that
311?0 Yo =X+ (A(to) — 1)~ ' flto).

Set x, =y, —(A(t) — A1)~ 'f(ty)). Then lim,.,x,=x and A(t)x, + f,(t)
belongs to D. By Proposition 3.2, problem

{ur':(t) =A@, )+ f,(1), KL=t=
un(t0)=xn

has a unique strict solution
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t
(1) = GUt, 1), + f G(t, $)f,(s)ds.
]
Letting n — oo and using (3.4) the statement is proved. O

Another consequence of Proposition 3.2 is uniqueness of the classical
solution of (1.22) when f'is continuous.

COROLLARY 3.4, Let fEC([t,, 1,]; X) and x €ED. Then any classical solu-
tion of (1.22) is also a strong one. In particular, if (1.22) has a classical solution
u, then u is given by (3.1).

Proor. By Corollary 3.3, the function u given by (3.1) is a strong solution
of (1.22); therefore there are u, € C'([t,, t,}; X) N C([ty, 1,]; D) such that u, — u
in C([ty, t,]; X) and f, = uj, — A(-)u,— fin C([t,, t,]; X) as n — 0. Let vbe a
classical solution of (1.22): then for any ¢ €]0, 7, — ¢;[ and n EN, the function
Vv, =V — U, is a strict solution of

{v{,(t) =A(t)v,(2) + f(t) — [, (1), Lhtest=t
Vo(to+ €)= v(ty+ &) — u,(t, + ¢)

so that

t
V) = 1O | <o ( I+ - o+l + [ 1A= 56 ds)
by (3.4).
Letting » — + oo and & — 0 the statement is proved. a

Using the representation formula (3.1) and the estimates of Proposition 2.6
we can prove the regularity properties of the solution of (1.22). In Proposition
2.6 we studied the function G(-, f;)x, and now we consider the function

o) = f" G(t, ) f(s)ds, 0=t =t=1,.

PROPOSITION 3.5. ForQ <0 <1 thereare N, (0), N,s8), N,,8), N;-(6)>0
depending alsoon o, T, v, M (k =0,. .., 6), | 4 || cqoriw.xy SUch that
(l) IffELm(tO’ tl’ X)’ then ¢E Cl_g([t07 tl]9 DA(O)(07 CD))‘for any GE[O’ 1]’ and

(3.5) I @ | o ~*ton:Daost.on = NialO) | S 1| L=y

() If fEC'(t 61 X) then GEB(lty 1] D) N C(ty + 2, 11; D) N
CHHeri([f, + ¢, 4Ll X) forany e €10, t, — t[, and
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sup || &(f) lp + (1l 8 oo ecnmr + I @ ll -+ eiy)

fe<t<t

3O@ <Ny I c*onr

If, in addition, f(t)ED,of0, x), then ¢EC*([t,, 1,]; D) N
C'*e [ty 1], X) and

&l oemmy + 19 |l o soinny
= NN S conro T 1 S | pogo.)-

(i) If fEC(t, t,]; X) N B([to, 1,); Dyo0, xc)) then ¢EC([t, 1,]; D) N
C'([ty, 1); X). Moreover ¢/, A( - )@( - ) belong to B([t,, 1,]; Dyefa A 8, x0)),
A()e(-) belongs to C***([t,, t,]; X) and

sup | AN [ poars.cy T SUP || () fpregansy + 1 A lertgoniny

ps1<y BEIEN

(3.7 = N(0) sup || AO) | poyser

pErsn

(3.6)(b)

If, in addition, fbelongs to C([ty, t,); Dy(0)) and 0 < 8 < a, then u’ and
A()u(-) belong to C([t, ,]; D4of0))-

Proor. (i) Letty=r <t =t,. Then by (2.12) and (2.10) we have:
I &(t) — ) ll paoio. )

< H [ 6960, 5245

+

Do 8.0)

S [CA0, 0)((t — r)'~°t — t)la+ (£ — 1) ~°/6(1 — )

+ C(0, 6)(t — )~ 2/(1 — O AL=qorx)

and (3.5) follows.

(i1) If fis Holder continuous, then ¢ is the classical solution of (1.22) with
x =0 (see Proposition 3.1). By (2.10) and (2.23), (1.20) (ii) we have, for any
te [tO’ 31}:

ft G(t, s)f(s)ds

Dyp8,0)

160 o= “ | G(t, ) fis) — fit))ds

o ” f G(t, 5) fi)ds

= ¢o(0, 1)1, — to)oo_l[f]d([rmx.];,\')

+ v(co(0, 0)(t, — 2) + C¢) sup || f(s) ]|

VL1

D
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which implies (together with (2.4), taking x = 0) (3.6)(a). In the case that f{1,)
belongs to D6, o), then the regularity properties of ¢ and estimate (3.6)(b)
(with N,((6) = Ng(a A 6)) follow from Propositions 2.1 and 3.2, taking s = ¢,
and x =0.

(iii) Let f€C([ty, 1,]; X) N B([t, 11]; Dygo(0, 0)). Thenforty = r <t =t; we
have by (2.13) and (2.11):

| A(@)(t) — A(r)edr) |

< H f’:(A(t)G(t,s)——A(r)G(r,s))f(s)ds + ] f "G, 5) fis)ds H
(3.%)

<< —_ - —_ «a +w_..d6— — 8

=[C3(9,0)(t. %07t — r)* + fo T

+Cy(6,0)67'(t — r)o] SUP || f || byt
thSsSh
so that A(-)¢(-) is a A 8-Holder continuous. To show that it is also bounded
with values in D, (a A 6, o), we first remark that, due to (2.17)(iii), (2.20)(iii),
(1.10), there is N,g(f) such that

9
% wi(t, s)x S Ni(0)(t —5) D X by tb0n

D,mv(a/« 8,0)

(3-9) t > s’ X EDA(IQ)(G’ w)

so that, using also (1.21)(v)(iii)(1):
“ A (t)¢(t) " Dygglan6,0)

¥
— Wi
f W) fisds

.-<- l

Dyl n6,0)

* ” f t(A(s)e““"“’—A(t)e"‘“‘"’)f(S)ds

DA(“’(&A 8,)

+v(aaB) H ftA(t)e““"‘")f(s)ds
to Dagfan8,)

= Nigla A 0)(t, — t)*"N(an8) sup || fls) | DyefB,0)

WESEN

(tl — to)—(aA0)+u+0

(3.10) + M0, an8)

sup | f18) || 0.

at+ B —anf gsssh

+ v(a A O)MLB, 0)(t; — t)°/0 sup || f5) || by y6.)

HSsSY
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+ sup

0<{s1
S [Niglan 0Xt, — tg)**Nan0) + M{6, anO)t,— td*"%/(a nB)
+ v(e A GUMLD, 0)(t) — 10)°/6 + 227 OM /(1 — (a A B))))]
X sup || f15) ll oy t60r

lbEsSh

fl—(.ma)f‘A(t)ze(Hc—s)A(:)ﬂs)ds N)
i

Now it is easy to show that ¢ is differentiable in [¢,, #,] and ¢/(¢) = A(¢)e(t) +
A¢): it is sufficient to write, for ¢, t + h E[1,, ¢,],

BNt + h) — §1)) = f’ h=1G(t + h, s) — G(t, 5)) f(s)ds

+h-! f”"(o(z +h,s)—Gls +h, $))f(s)ds

!

t+h
+h! f (G(s + h,s)—1) f(s)ds

t+h
+fr‘ft (fis) — Rnds

and to use the equality

(G(rs $) — G(ry, SN A5) = f " 4(0)G(0, 5) fis)do

and estimate (2.11) in the first three addenda and the continuity of fin the last
addendum. Now (3.7) follows from (3.8), (3.10) and from the equality ¢’ =
AC)e(-) + 1.

Let finally fbelong to C([ty, ,]; D4f0)). Then there are f, € C([ty, 1,]; D)
such that

lim || £, = /| cqospouocn =0-
Setting
6.(1) = f .: G, ) fi()Ms  (b=t=1)
then ¢, and A(-)@,(-) belong to B([t, t]; Dyyfa, ) N C([t, 1,]; X) and
lim sup || 6,(t) — ¢(t) | 0.0 =0

Liad ' F13-111

by (3.8). therefore ¢’ belongs to C([t,, t;]; D4\(0)) and so does A(-)¢(-). 0O
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Proposition 3.5 may be used together with Proposition 2.6 and Corollary 2.3
to study the regularity properties of #, according to the regularity of fand x and
to the compatibility conditions between f(z,) and x. This task is left to the
reader.

We conclude this section with some regularity properties of the function
s —G(t, 5), which will be used in subsequent papers. We set

A={(t,5)ERL f(h=s =t =1}

and
A={(t,)ER}[SsSs+est=t), >0

ProrosITION 3.6.

(i) Foranye€]0, t, — to[ the function A, —~ L(X), (t, s)— G (¢, ) is a-Holder
continuous. In particular, for any x€X and t €ty t,], G(t,-)x belongs to
C([t09 t[; X)

(i) For any xE€D and t €1y, 1,], G(t,-)x belongs to C([t,, t]; X).

(ii1) For any ¢€]0,t,—t,{ the function (t,s)—G(t,s) belongs to
C'"* (A, L(D, X)) n Cx(A,, L(D)) and

d
6— G, s)=—G(t,$)A(s) foryy=s<t=1,.
s

In particular, for any x€D and t€)4,t), G(t,-)x belongs to
C'([to, t[; X) N C([to, 1[; D).

(iv) For any x €D and t €ty t,] such that A(t)x €D, G(t,-)x belongs to
C'([to, t]; X).

ProoOF.

(1) Let e€]0, t, — [, (o, So) EA., x € X. Assume r, = r,. Then, by (1.21)(iv)
and (2.4):

| G(ry, s)x — G(ro, s)x |

=< " =My — plr=s)A(s) " + " e~ sMsdy — olrg~sgA(s)y "
+ || W(r, s)x — W(r, sox || + || W(ry, so)x — Wirg, So)x ||
a Ml a
= M0, 0)(s, — so)* || x || '*'?“;I("l —s5)—(r—so)|*|| x|

+ || Wir, s)x — Wiry, so)x || + Nola)(re—ro)* [ x |-
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Therefore it is sufficient to estimate || W(r, s)x — W(r, so)x || . For t€
[max{so, 5;}, t;), let w(t) = W(¢, s)x — W(t, so)x. If s, 2 50, w is a classical
solution of

wi(t) = A)w(t) + (A(t) — A(s,))e" ~MEx — (A(2)
(3.11) — A(sp))el My 5 <t =y,
w(s) = — W(s,, so)x.

Therefore, using first (3.4) and then (2.4), (1.21)(iv)(i) and choosing A Ep(4(2))
for any ¢, we get:

sup || w(t) ||

SK=Usn

= CO(O, O) " W(sla SO)x "

0.9 ” f " [(A(0) — A1) Me0x — (4(0) — A(sy))e”~HMx]do

= ¢o(0, 0)Ng(a)(s, — so)* || x ||

+al0,0) | [ (4(@) ~ Als)Nee00x — o= Mx)dg

+f0,0) | [ (4(0) = Al Hwx = e~ x)do

+ (0, 0) || (A(s)) — A A(s0) — )~ fs " (A(50) = A)e"~Mxdg

dr

= ¢(0, 0) [No(a) + [ALM(0, 0)(t) — to) /e + [A])vM, fom (1 +)ri-e

+[Al. sup [ (AGS)— D)7 leamZMo + 1410 — to)Mo] (51 =s)* [ x|

fo=s=1

If s, = 5,, we have to replace the initial condition in (3.11) by w(sg) = W(s,, s.)x
and the estimate for sup,,«, <, || w(¢) || carries on similarly.
(ii) Follows easily from the equality

G(t,s)x —G(t, so)x =G(t, s)1 — G(s, so))x (L=5=s5s=1)

and from Proposition 2.6(iii).
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(iii) Let us remark first that for any x € D we have
t
3.12) G(t,s)x—x=f G(t, 0)A(0o)xdo, L==s=t=t,.

Actually, since ¢ —~A(o)x is Holder continuous, then the function ¢—
[ G(¢, 0)A(0)xdo is the classical solution of

gt)=AO)) +A)x, s<t=,
(3.13)

#s)=0.
The same holds for the function ¢ — G (¢, s)x — x. Therefore (3.12) holds, and

it implies that for t, = ¢t < ¢, and 5, s + h €[¢,, t] we have

h=Y G, s)x —G(t,s +h)x)=h""! fﬁh G(t, 0)A(o)xdo.

Point (i) implies that G(t,:)A(-) belongs to C([¢,, t[; L(D, X)). Therefore

lim || A=(G(t, s + h) = G(t, $) + G(2, $)4(5) | o0y = O,
so that

9 G(t,s)=— G, 5)A(s).
os

Moreover,

3
(t,S)—E G(t,s)

belongs to C*(A,, L(D, X)) thanks to (i) and to the a-Holder continuity of A(-).
This fact, together with (3.12) and (3.13), implies that (z,s)—A(t)G(¢, 5)
belongs to C*(A,, L(D, X)), so that (¢, ) — G (¢, s) belongs to C*(4,, L(D)).
(iv) Follows from (3.12) because in this case the function ¢ — G(¢, 0)4(0)x
is continuous in (¢, t]. O
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